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~ Matrix A = [ e d }

— Trace tr(A) =a+d =\ + A2
- Determinant det(A) = ad — bc = Ay x Ay

— Inverse A" (slide 2.11 in the lecture notes): A"'A =1, AA™' =1 A~ = ml+lu [ ,d,‘ _“b ]

~ Eigenvalues A and eigenvectors v (slide 2.15): Av = \v
— Range (slide 2.9): range(A) =span{columns of A}
~ Null-space (slide 2.10): null(A) = {v|Av = 0}

- Asecabive: (AB) (= AgC)

- Disribubive - AB+0)- AB+AL
- Non - Comrubnhive: @AG#BQ -
- Transpoe : 8)=R"A
) TA=A

e Matrix exponential ¢ = Y AL

o Diagonalizable matrix If A € R"*" can be rewritten as A = WAW !, where A = diag{\;}I",.
Then, it holds that e?* = WeMW !, and M = (liz\g{r*');':l. where A; € R are eigenvalues of
matrix A and W is matrix with eigenvector columns of A.

o Nilpotent matrix 4 € R"*" is called nilpotent if there exists k € N such that A* = 0.

e Characteristic polynomial of matrix p4 = det(s/ — A) = II’_, (s — \;), where A; are eigenvalues
of A.

e Cayley-Hamilton Every matrix A € R"*" satisfies its characteristic polynomial

A"+ a A"+ ap A" 4+ a, ] = 0.

e Solution of a system of linear equations Given the system of linear equations in matrix form
Az =y, Ae R™*™, y € R" and z € R™ is unknown then (slides 2.13):
— m = n: unique solutions if and only of A is invertible,
— A is singular: infinitely many or no solutions,
— n > m (equations > unknowns): generally no solution. If A has rank m, then z = (ATA4)"1ATy
is the unique minimizer of ||Az — y||.
— n < m (equations < unknowns): generally infinite many solutions. If A has rank n, then the

system has infinitely many solution. The one with the minimum norm is z = AT(AAT)~y.

e Lipschitz continuous function A funtion f : R" — R™ is called Lipschitz if there exists A > 0
such that for all z,z € R"

[1£(x) = f@)I < Alle — &)

e Existence and uniqueness of ODE solution If in ODE @(t) = f(z(t)), f(x(t)) is Lipschitz
continuous function, then there exists a unique solution of the ODE.
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* energy: kinetic Ey;, = Smi?, potential Epot = Lma?, spring Eiyn = 1kz2.
Circuits:

% states: currents i, voltages v.
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* equations: Kirchhof laws, resistance vg(t) = Rig(t), capacitance C' = i¢(t), induc-
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* energy: capacitance Ec = 1CvZ., inductance By, = 1Li3.
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Feeqency  response
We are interested in aml«a‘sh\s the  response of o sbsl‘uh to Susoical inpek,
witl diffoedr frequences This is imporbadt b
- Siavsoidal  ar commen i«ruh
- Reliked 1o OM:) other oot with  Fourter {‘m;[orm
_FU‘U(M,‘) oL QU Us - Some .’nsi%U albod the .sbshm bel\m‘or,e,ﬂ.
will the stphem be slable in closed ﬂpo‘:.
Ff‘cqtﬁ‘ob ILS‘?OASL an bf- Summarired %mrhim”; wnth Becb.— o.-\li MHN"'PHB-

Je Gt Je G-
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of the s«asl-uvx Sina, for sl‘alailil’sl we are ot\% intecabed in the
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We plot Re[66) ogoinsh T [Gi5] fellowsey D
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Derive Nyquist plot from Bode plot (Moodle posted)
If the phase of G(jw) is 180° then you can mark a point at (—|G(jw)|,0).
If the phase of G(jw) is 135° then you can mark a point at (—|G(jw)|/v2, |G(jw)|/V2).
If the phase of G(jw) is 90° then you can mark a point at (0, |G(jw)|).
If the phase of G(jw) is 45° then you can mark a point at (|G(jw)|/V2, |G(jw)|/v2)
If the phase of G(jw) is 0? or 360° then you can mark a point at (|G/(jw)|,0).
If the phase of G(jw) is 315° then you can mark a point at (|G(jw)|/v2, —|G(jw)|/V2)
If the phase of G(jw) is 270° then you can mark a point at (0, —|G(jw)|).
|G (jw)|/V2. =G (jw)|/V/2)-

If the phase of G(jw) is 225° then you can mark a point at (—

Draw these points as much as possible, and then trace through all these points to sketch the Nyquist
plot.
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Bode Plots

Bode plots: Pair of plots with the log(w) (in rad/sec) along the x-axis with the y-axes plotting
20log(|G(jw)|)(in dB) and ZG(jw) (in degrees).

Useful hints: The phase ¢ and the magnitude change per decade AM of standard elements G(jw)
is given depending on the frequency w, where a > 0

Gjw) dw=0) dlw=00) AMw=0) AMw =)
Integrator % -90° —90° -20dB -20dB
Differentiator s 90° 90° 20dB 20dB
Stable Pole - 0° -90° 0dB -20dB
/A Unstable Pole 1 0° 90° 0dB -20dB
K-8/ & q . o o b
N Stable Zero (s+a) 0 90 0dB 20dB

Unstable Zero (o —s) -90° 0dB 20dB

Note: Multiplication by a scalar shifts the entire magnitude plot vertically by a constant offset.
Multiplication by a positive scalar has no effect on the phase plot but a negative scalar shifts the
phase by 180°.

IQ o ma-bm*wl.. %S dﬂ%r} F[ON 1 5\-04' , we @ ALWV‘N«
the Qe —¥rulw-h y:tl\ LD <r|’mPL\\73: b [vows PL.,?,'.' t be x ak

.63_ 0,1/ Cl

50~ fﬂ—«,w-cn’ B,klm we tnsek Yy 6.[3\ =A Q_Vzﬁ)...

@\mv\ EC)

1. Bring transfer function in the following form.

o)((_)(_)>((—)(_))
(1+52)- - (1+12) (+2) —(1+2)

2. 1dentify and mark all zeros |w,| and poles Iwr,l (writtenas a - 107)

3. Start Amplitude @ 20 - logyo(lAl).
Start phase according to poles and zeros in 0 as well as the phase of A

4. From left to right use this table
Formula | Amplitude Phase (over 2 decades)
LHP Zero, o jo +20dB/pecade +90° (@ w, + 45°)
Wy
RHP Zero, g jo +20dB/Decade =90° (@ w, — 45°)
W, —
LHP Pole, 1 —20dB/Decade -90° (@ w, — 45°)
jw
1+ m_,‘
RHP Pole, 1 ~20dB/Decade +90° (@ w,, + 45°)
jw
]
Zero @ w, = 0 jo Start with +20dB/Dec Start @ +90°
Differentiator Wy
Pole @ w, = 0 Wo Start with -20dB/Dec Start@ —90°
Integrator jw
| Constant A |Ale'® | 20- lqgm(IAI). | sart@cs(A) = ¢

Amplitude: y = 20 - logo(|H(jw)|) = 20 - log,, (|1H(j10%)|)

] _ Im(H(j10)) 180
Phase: y = arctan (g,(uumn)) ®

For a transfer function H which is the product of 2 other transferfunctions H = H, -
H,
we have:
20log,o(H, - H,) dB = (201log,,(H,) + 20log,,(H,))dB
Therefore we can just add the magnitude and phases of each plot of H, &H, and get H.

IG'an b |Gx|4n o |Gz|dn
LG = £Gy — LGy

16las = |Gylas + 1G2las |
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Disceeke time LTT Sas\'ems
Cw«?ka.) o?u-n&t on biks  streany whick

quentirobion.
Oyl comphis b fo oo it {wpl:. 1' 1.
T [T T,
This ceqics dmoformabing bebuesn boHe wol” £ ik rotee

— Aoy by tighl e (AID o ADO)

o Oiyhl b amby (D/A o DAC)
Vssally umlae  quontisabion &5 good enogh 5o 4F5 focus on fime.
Asyma: ADC" g vy T-secoly

‘DAL 200 oder hold
u(t) up

ADC
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012345k

)
FE

COMPUTER

SYSTEM
%(1) = Ax(t)+ Bu(1)
¥(t) = Cx(t)+ Du(t)

y(t)
t

Sorghd Deln Liar Sty
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A
k . k-4
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Stoblity
6 A dopeativble, A4 & s orbition of 4.
Thon: S il dingoligebs A e
- Stabl iff [2,)e 4 ¥
—Asﬁhfroha“n, kbl .ff Vilal<a
~ Unshable iff 30212154
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