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BASICS	
Carrier	density	naming	convention:	

	

CONSTANTS	&	MATERIAL	PARAMETERS	
Planck’s	const.	 ℎ	 =	 6.625 ⋅ 10!"#				𝐽𝑠	

	 	 =	 4.136 ⋅ 10!$%	 𝑒𝑉𝑠	

Boltzmann	const.	 k	 =	 1.38 ⋅ 10!&"	 𝐽/𝐾	

	 	 =	 8.67 ⋅ 10!%	 𝑒𝑉/𝐾	

Thermal	Voltage	𝑉'(	
@300𝐾	

)'
*
		 =	 26𝑚𝑉				 	

𝑘𝑇	 =	 25.9𝑚𝑒𝑉				 	

	 *
)'
		 =	 38.61 $

+
		 		

elementary	charge	 𝑞	 =	 1.602 ⋅ 10!$,	 𝐶	

free	electron	mass	 𝑚-	 =	 9.1 ⋅ 10!"$		 𝑘𝑔	

vacuum	permeability	 𝜀-	 =	 8.854 ⋅ 10!$# .
/0
		

	 	 =	 8.854 ⋅ 10!$& .
0
		

	1𝑒𝑉 = 1.602 ⋅ 10!"#𝐽	
	

Silicon	@𝟑𝟎𝟎𝑲	
intrinsic	carrier	conc.	 𝑛<	 =	 9.65 ⋅ 10,	 𝑐𝑚!"	
	 𝑛<&	 =	 9.3 ⋅ 10$,	 𝑐𝑚!=		
eff.	DOS	in	conduct.	band	 𝑁> 	 =	 2.86 ⋅ 10$,	 𝑐𝑚!"		
eff.	DOS	in	valence	band	 𝑁+	 =	 2.66 ⋅ 10$,	 𝑐𝑚!"	
band	gap	 𝐸? 	 =	 1.12		𝑒𝑉 = 43.3	𝑘𝑇	
rel.	permeability	Si	 𝜀@	 =	 11.9 ⋅ 𝜀-	
rel.	permeability	𝑆𝑖0&	 𝜀AB	 =	 3.9 ⋅ 𝜀-	
Thermal	velocity	 𝑣C(	 ≈	 10D /0

@
		

eff.	hole	mass	 𝑚E
∗ 	 =	 1.040 ⋅ 𝑚-	

DOS ≔	Density	of	states	
	

Galiumarsenid	(GaAs)	@𝟑𝟎𝟎𝑲	
eff.	DOS	in	valence	band	 𝑁+	 =	 7.0 ⋅ 10$K	 𝑐𝑚!"	
band	gap	 𝐸? 	 =	 1.42		𝑒𝑉	
eff.	hole	mass	 𝑚E

∗ 	 =	 0.427 ⋅ 𝑚-	
	
electrostatics	
• Force	is	the	negative	gradient	of	potential	energy:	
electrons:	 𝐹L = − MN!"#,%

MB
	= − MN&

MB
					= −𝑞 ⋅ 𝐸K⃗ 	

holes:	 	 𝐹( = − MN!"#,'
MB

= − M(!N()
MB

= 			𝑞 ⋅ 𝐸K⃗ 	

• conductivity:	 𝜎 = Q)*
N
= 𝑞N𝑛𝜇R + 𝑝𝜇ER		 [(Ω	𝑐𝑚)!$]	

• resistivity:	 	 𝜌 = 1/𝜎	 	 	 [Ω	𝑐𝑚]	
• resistance:		 𝑅 = 𝜌 SLRTC(

UVLW
	 	 [Ω]		

• Electrical	current:	 I	= 𝜌 MX
MC
							 	 [𝐴 = >

@
]		

	

Electric	Field:	 	𝐸K⃗ = − M+
MB
, (𝐸 = .

X
= )*

V+
)	

Potential:	 𝑉 = −∫ 𝐸	𝑑𝑥Y
- = − $

*
(𝐸+ − 𝐸VLZ)	

Potential	Energy:	 𝐸> − 𝐸VLZ = −𝑞 ⋅ 𝑉	
in	the	band	diagram	an	electric	field	is	represented	by	band	banding	

CRYSTALS	 	
Coordination	Number:	
The	number	of	nearest	neighbour	atoms	(if	bonded	or	not)		
-	simple	cubic:		 6	 -	body	centred	cubic:		 8	
-	diamond:	 4	 -	face	centred	cubic:	 12		

	

	

DENSITIES	 	
• Volume	Packing	Density	
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+/01%

=
l#/"*2%*.⋅
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4n#5,/%.⋅
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𝑎 ≔	unit	cell	length,	2𝑟 ≔	distance	between	nearest	neighbours	
	

• Volume	Density		
𝑉𝐷 = #,#"-.

+/01%
			

• Surface	Density		
𝑆𝐷 = #,#"-.

v/01%
		

	

• Surface	Packing	Density	
𝑆𝑃𝐷 = v,#"-.

v.90,*%
		

	

	
Miller	Indices	

	
Crystals	have	different	properties	in	different	directions.	

𝑉/ARL =
(wV+

"
	,			𝐴(LBWTAR =

"√"@+

&
,			𝑉@E(LVL =

#
"
𝜋𝑟",			𝐴/<V/YL = 𝜋𝑟&	

SEMICONDUCTORS	BASICS	 	
At	0K,	the	valence	band	is	full,	and	the	conduction	band	is	
empty.	There	is	zero	net	current	and	the	material	is	therefore	
isolating.	Each	atom	is	surrounded	by	a	complete	shell	of	8	e-.	
For	temperatures	> 0𝐾	the	thermal	energy	excites	electrons	
into	an	available	(4𝑁)	empty	state	of	the	conduction	band	and	
leaves	an	empty	state	(hole)	in	the	valence	band	behind.	The	
atom	which	lost	the	electron	is	now	electronegative.		
	

steady	state/equilibrium:	
zero	current	flow	⇒	fermi	level	must	be	flat,	intrinsic	fermi	
level	might	bend	due	to	nonuniform	doping	
	

free	electron	density:	 𝑛-	
free	hole	density:	 	 𝑝-	

intrinsic	carrier	concentration:	 𝑛< = 𝑛- = 𝑝-	
	 	
The	intrinsic	carrier	concentration	depends	exponentially	on	
temperature	and	the	Activation	Energy	(for	bond	breaking,	it	is	
somewhat	related	to	the	bandgap	of	the	material).	

𝑛< = 𝐾𝑒!
:,
;<	

	
Doping	≜	defects	
N-type:	 𝑁z	 Donors	 (majority:	electrons)	

Donors	introducing	an	energy	state	𝐸$	
P-type:	 𝑁U	 Acceptors		(majority:	holes)	

Acceptors	introducing	an	energy	state	𝐸%	
	
If	a	material	is	doped	with	𝑁% = 𝑁% −𝑁$	if	𝑁% >
𝑁$	else	𝑁$ = 𝑁$ − 𝑁%		

Overall	the	solid	is	still	neutral	when	doped.	
Shallower	dopants	(i.e.	ED	(EA)	is	close	to	the	conduction	
(valence)	band)	show	higher	ionization	(fully	ionized	at	smaller	
temperatures).	

	
	
	

Assumption:	complete	ionization	|	S3A3a	
fully	ionized	donors:	 𝑁z ≈ 𝑛-	 𝑁$ ≔	density	of	Donors	
fully	ionized	acceptors:	𝑁U ≈ 𝑝-	 𝑁% ≔	density	of	Acceptors	
	
To	check	reasonability	of	assumption	(analogous	for	𝑁U):	
We	want	to	compare	the	number	of	ionized	donors	with	the	
total	number	of	donors.	
Let	𝑁zn	be	the	number	of	ionized	states,	𝑛M	be	the	number	
of	non-ionized	atoms	and	𝐸z	be	the	donor	energy	level.	
𝑛- = 𝑁zn								(we	neglect	therm.	generation	since	𝑁zn ≫ 𝑛<)	
𝑁z = 𝑛M + 𝑁zn		
On	one	hand,	we	know	that:	
𝑛- = 𝑁>𝑒!(N&!N=)/)'	
On	the	other	hand,	we	can	equate	the	probability	of	finding	
an	electron	in	the	donor	state	times	the	total	number	of	
donors	to	𝑛M:	

𝑛M = 𝑁z ∗ 𝒫(𝑒!𝑖𝑛	𝐸z) =
𝑁z

1 + 𝑒(N=!N>)/)'
≈ 𝑁z𝑒!(N=!N>)/)'	

Where	we	used	the	Maxwell	Boltzmann	approximation.	So:	
𝑁zn

𝑁z
=

𝑛-
𝑁zn + 𝑛M

=
1

1 + R)
R?

=
1

1 + �>
�&
𝑒(N>!N=)/)'

	

If	this	ratio	is	larger	than	0.95	=	95%,	we	can	assume	
complete	ionization.		

At	equilibrium	we	have:	
Electroneutrality	equation:	 𝒏𝟎 + 𝑵𝑨 = 𝒑𝟎 + 𝑵𝑫	
Mass	action	law:	 	 𝒏𝟎 ⋅ 𝒑𝟎 = 𝒏𝒊𝟐	

			So	at	very	low	temperatures,	we	have	little	ionization.	
			With	rising	temperature,	the	number	of	ionized	donors	rises	
up	(as	shown	above)	to	𝑛- = 𝑁z.	When	it	reaches	this	number,	
𝑛-	doesn’t	grow	any	more	with	the	temperature	for	a	while.	
			At	very	high	temperatures,	the	intrinsic	carrier	concentration	
𝑛<	dominates	again	over	the	different	dopings	(𝑛< > 𝑁zn).	This	
means	the	material	becomes	intrinsic	again.	And	𝑛- = 𝑛< = 𝑝-.	
	
If	assumption	of	complete	ionization	isn’t	fulfilled:	
⇒	 𝑛-& − 𝑛-(𝑁z −𝑁U) − 𝑛<& = 0	

	 → 𝑛- =
�>!�@

&
+ mn�>!�@	

&
o
&
+ 𝑛<&	

	 → 𝑝- =
�@!�>

&
+mn�@!�>	

&
o
&
+ 𝑛<&	

	

direct	band	gap:	
if	the	minimum	of	the	conduction	band	is	at	the	same	place	
as	the	maximum	of	the	valence	band.		

indirect	band	gap:	
if	it	is	not	a	direct	semiconductor.	This	means	a	phonon	is	
also	needed	actually	get	an	electron	from	valence	to	
conduction	band.	Problematic	in	optical	systems.		

POPULATION	OF	ELECTRON	STATES	 	
Fermi	Dirac	Statistics	
𝐹(𝐸) =	probability	of	finding	
an	electron	with	energy	𝐸.	

𝐹(𝐸) =
1

1 + exp nN!N=)'
o
	

• 𝐹(𝐸!) = 0.5	
• probability	of	finding	a	hole	= 1 − 𝐹(𝐸)	
• in	a	range	of	±2𝑘𝑇	around	𝐸!	the	most	action	takes	place	

Maxwell	Boltzmann	Approximation	
The	Maxwell	Boltzmann	Approximation	holds,	if	the	Fermi	
Level	is	far	away	from	the	band	edges	⇔	low	doping		

𝐹(𝐸) ≃ 𝑒!
A:B:=C
;< 		, 𝐸 ≫ 𝐸.	

	

DOS	at	the	conduction/valence	band	edge	

𝑵𝑪	=
#√&(w⋅02

∗ ⋅)')8/+

(8
	 𝑵𝑽	=

#√&�w⋅0!
∗ ⋅)'�

8/+

(8
	

𝑚∗ ≡	effective	masses	of	carriers	in	the	CB	and	VB	
	

effective	mass	
near	band	extremum:	�N

�)
= 0		, �

+N
�)+

≈ $
0∗	

• the	greater	the	curvature	of	bands	vs.	momentum	𝑘,	the	
lower	the	effective	mass	

• the	smaller	the	energy	gap,	the	lighter	the	electron	
effective	mass	

	
concentration	of	electrons/holes	 Density	of	States:	

𝑛- = ∫ 𝑓(𝐸) ⋅ 𝐷>(𝐸)𝑑𝐸
�
N&

	 𝐷F =
GH√J
K'

(𝑚L
∗)M/J&𝐸 − 𝐸F		

𝑝- = ∫ N1 − 𝑓(𝐸)R ⋅ 𝐷+(𝐸)𝑑𝐸
N(
!� 	 𝐷N =

GH√J
K'

)𝑚O
∗*
M/J
&𝐸N − 𝐸		

	

with	Maxwell	Boltzmann	Approximation	(3kT	away	from	band	edge)	
𝑛- =	𝑁>𝑒!(N&!N=)/)'	 𝐸> − 𝐸. = −𝑘𝑇 ⋅ ln(𝑛-/𝑁>)	
𝑝- =	𝑁+𝑒!(N=!N()/)'	 𝐸+ − 𝐸. = 		𝑘𝑇 ⋅ ln(𝑝-/𝑁+)	

in	equilibrium:	
𝑛<& = 𝑛- ⋅ 𝑝- = 𝑁>𝑁+ ⋅ 𝑒!(N&!N()/)' = 𝑁>𝑁+ ⋅ 𝑒!(NP)/)' 	
𝑛< = 𝑁> ⋅ 𝑒!(N&!NQ)/)' = 	𝑁+ ⋅ 𝑒(N(!NQ)/)'		
	

N-Type:	 𝑛- = 𝑛<𝑒(N=!NQ) )'⁄ 		→ 𝑝- = 𝑛<& 𝑛-⁄ 	
P-Type:	 𝑝- = 𝑛<𝑒(NQ!N=) )'⁄ 		 → 𝑛- = 𝑛<& 𝑝-⁄ 	
	

	
	



FERMI	LEVEL	

𝐸< − 𝐸. = z
0																													
−𝑘𝑇 ⋅ ln(𝑁z/𝑛<)
+𝑘𝑇 ⋅ ln(𝑁U/𝑛<)

						
intrinsic															
N − type	doping
P − type	doping

	

	
intrinsic	fermi	level:	 𝐸< =

$
&
(𝐸> + 𝐸+) +

$
&
𝑘𝑇 ⋅ ln n�(

�&
o	

	 	 	 	 	 ≈ $
&
(𝐸> + 𝐸+)	

extrinsic	fermi	level:	 	
𝐸. − 𝐸> = 				𝑘𝑇 ⋅ ln(𝑛-/𝑁>)	 N-type	doping	
𝐸. − 𝐸+ = −𝑘𝑇 ⋅ ln(𝑝-/𝑁+)	 P-type	doping	
𝐸. − 𝐸< 	= −𝑘𝑇 ⋅ ln(𝑝-/𝑛<) = 𝑘𝑇 ⋅ ln(𝑛-/𝑛<)	 	 	
𝐸( 	is	always	noted	depending	on	another	Energy	level	

If		𝐸.	is	above	𝐸> 	the	material	is	said	to	be	degenerate.	

EXTRINSIC	SEMICONDUCTORS:	APPROXIMATIONS	
n-type	(𝑵𝑫 ≫ 𝑵𝑨)	

• 𝑁z ≫ 𝑛<	 ⇒	 𝑛- + 𝑁z ≈ 𝑁z,			 𝑝- ≈
RQ
+

R?
= RQ

+

�>
	

• majority:	𝑒!	⇒	𝐸.	closer	to	𝐸> 	
	
p-type	(𝑵𝑫 ≪ 𝑵𝑨)	

• 𝑁U ≫ 𝑛<	 ⇒	 𝑝- + 𝑁U ≈ 𝑁U,			 𝑛- ≈
RQ
+

E?
= RQ

+

�@
	

• majority:	ℎ𝑜𝑙𝑒𝑠	⇒	𝐸.	closer	to	𝐸+	
Fermi	level	must	be	flat	at	equilibrium.	Otherwise,	there	would	
be	transport	mechanisms	(current)	which	violates	the	concept	
of	equilibrium.	

GENERATION	/	RECOMBINATION	 	
Generation	and	Recombination	work	to	restore	equilibrium	
conditions:	
Excess	of	Minority	Carriers	 →	 Recombination	
Depletion	of	Minority	Carriers	 →	 Generation	

	

steady	state:	
In	steady	state,	electrons	are	continually	generated	due	to	
thermal	Energy.	In	average	we	get:	
	

	 𝐺	=	generation	rate	=	recombination	rate	=	𝑅	
	 𝐺 = 𝛽(𝑛 ⋅ 𝑝) = 𝛽 ⋅ 𝑛<& = 𝑅	

	

for	equilibrium:		 𝑛 = 𝑛- ,		 𝑝 = 𝑝-	
for	non-equilibrium:	 𝑛 = 𝑛- + Δ𝑛,	 𝑝 = 𝑝A + Δ𝑝	

	 generation	&	recombination	in	pairs	→ Δ𝑛 = Δ𝑝 = 𝐺S𝜏R,E	
	

In	steady	state,	the	change	in	the	Semiconductor	conductivity	
is:	Δ𝜎 = 𝑞N𝜇R + 𝜇ER𝐺𝜏E	
	

Note:	 In	steady	state,	non-equilibrium	the	carrier	
	 concentrations	are	constant.	
	

LOW	/	HIGH	–	LEVEL	INJECTION	
low-level	injection:	 Δ𝑛 ≪ 𝑛R-	
Number	of	carriers	generated	are	small	compared	to	the	
background	doping	density	of	the	material.	In	other	words:	
injected	minority	carriers	concentration	at	the	depletion	region	
edge	is	less	than	the	majority	carrier	concentration.	
	 →	 P-type:	 𝑛E(𝑥) ≪ 𝑝E-	
	 →	 N-type:	 𝑝R(𝑥) ≪ 𝑛R-	
	 ⇒			 𝑛R ≈ 𝑁z, 𝑝E ≈ 𝑁U	
	
→	minority	carrier	recombination	rates	are	linear	
	

	
	

high-level	injection:	 Δ𝑛 ≫ 𝑛R-	
number	of	carriers	generated	carriers	is	large	compared	to	the	
background	doping	density	of	the	material.	In	other	words:	
injected	minority	carrier	concentration	exceeds	the	majority	
carrier	concentration:	
	 →	 P-type:	 𝑛E(𝑥) > 𝑁U	
	 →	 N-type:	 𝑝R(𝑥) > 𝑁z	
	
→	minority	carrier	recombination	rates	are	proportional	to	the	
number	of	carriers	squared	
	

DIRECT	RECOMBINATION	
Direct	recombination	across	the	bandgap	results	in	the	
emission	of	a	photon	of	energy:	𝑬𝑮 = 𝒉 ⋅ 𝝂	
	
Thermal	Generation	Rate:	 𝐺C( = 𝑅C( = 𝛽(𝑛- ⋅ 𝑝-)		 [𝑐𝑚!"𝑠!$]	
Recombination	Rate:	 	 𝑅			 = 𝛽(𝑛 ⋅ 𝑝)	 [𝑐𝑚!"𝑠!$]	
	

External	Generation	Rate:	 𝐺S	
Total	Generation:	 	 	 𝐺 = 𝐺S + 𝐺C(	
	

Net	Generation	Rate:	N-Type	 ME2
MC

= 𝐺 − 𝑅 = 𝐺S + 𝐺C( − 𝑅	 	
	

in	steady	state,	non-equilibrium	+RO)
RS
= 0-	we	find:		

Net	Recombination	Rate:	 𝑈 ≡ 𝐺S = 𝑅 − 𝐺C( ≅
�E

$/(�R2?)
= �E

�!
	

→	N-Type	 𝑅E =
�E2
�!
	

→	P-Type	 𝑅R =
�R!
�2
	

	

Minority	Carrier	Lifetime:	 	
→	N-Type	 holes	 	 𝜏E =

$
�R2?

					 [𝑠]	

→	P-Type	 electrons	 𝜏R =
$

�E!?
					[𝑠]	

The	minority	carrier	lifetime	describes	how	fast	the	excess	carrier	concentration	
decays	back	toward	equilibrium,	when	excitation	ends.	Note	that	it	is	determined	by	
majority	carrier	concentration.	

	

INDIRECT	RECOMBINATION	

	
	 Recombination	through	a	‘G-R	center’	aka	‘Trap’.	

	
G-R	Centers	are	most	effective	when	their	energy	level	𝑬𝒕	is	
near	𝑬𝒊	of	the	bandgap.	The	capturing	rate	𝑼	is:	
	

𝑈 ≈ 𝑣C(𝜎-𝑁C ⋅
Δ𝑝

1 + n&RQ
R2?
o cosh nN#!NQ)'

o���������
¦$	§¨©	ªT¦ªU

=
Δ𝑝
𝜏E
	

	

Minority	carrier	lifetime	

𝜏E =
1 + n&RQ

R2?
o cosh nN#!NQ

)'
o

𝑣C(𝜎-𝑁C
				 [𝑠] 				

N#≈NQ�⎯⎯�	≈
1

𝑣C(𝜎-𝑁C
= 𝜏R	

	

Density	of	Recombination	centers:	 𝑁C	
Recombination	center	cross-section:	 𝜎	
	

steady	state	equilibrium	

	
	 Abb:	steady	state	equilibrium	
	

• $
&
𝑚R𝑣C(& = "

&
𝑘𝑇	 �	𝑓(𝐸C) = 𝑓 = $

$nLA:#B:=C/;<
	

• Emission	Rate	
electron:	 𝑒R =

­#'®2R($!Z)
Z

= 𝑣C(𝜎R𝑛<𝑒(N#!NQ)/)'	

hole:	 	 𝑒E = 𝑣C(𝜎E𝑛<𝑒(NQ!N#)/)'	
	

Electron	Capture	Rate:	 𝑅W	 = 𝑛 ⋅ 𝑁C(1 − 𝑓) ⋅ 𝑣C( ⋅ 𝜎R	 	
Electron	Emission	Rate:	 𝑅¯	 = 𝑒R ⋅ 𝑁C ⋅ 𝑓	
	

Hole	Capture	Rate:	 𝑅/	 = 𝑝 ⋅ 𝑣C( ⋅ 𝜎R ⋅ 𝑁C ⋅ 𝑓	
Hole	Emission	Rate:	 𝑅M	 = 𝑒E ⋅ 𝑁C(1 − 𝑓)	
	

in	steady	state	equilibrium:	
𝑅W = 𝑅¯ 	 &	 𝑅/ = 𝑅M	

	

steady	state	non-equilibrium	
𝑑𝑛R
𝑑𝑡

= 𝐺S − (𝑅W − 𝑅¯) = 0	
	
𝑑𝑝R
𝑑𝑡

= 𝐺S − (𝑅/ − 𝑅M) = 0	
	

	
⇒ 𝐺S = 𝑅W − 𝑅¯ = 𝑅/ − 𝑅M ≡ 𝑈	

	
Direct	vs.	Indirect	Recombination:	
Direct	and	indirect	recombination	occur	in	parallel,	as	
competitive	mechanisms.	Very	often,	one	mechanism	is	
faster	and	is	characterized	by	shorter	recombination	
lifetime	⇒	mechanism	is	dominant.	

	

CARRIER	TRANSPORT	 	
Total	carrier	transport:	
	 drift		 diffusion	
electrons:			𝐽R = 𝑛𝑞𝜇R𝐸K⃗ + 𝑞𝐷R

MR(B)
MB

holes:										𝐽E = 𝑝𝑞𝜇E𝐸K⃗ − 	𝑞𝐷E
ME(B)
MB

										" �
 ¡.#	

	
total	current	=	drift	current	+	diffusion	current	=	electron	+hole	current	

	
equilibrium:	 (no	net	current)	
𝐽R = 0,		 𝐽E = 0	

DIFFUSION	 	
A	concentration	gradient	in	particle	and	a	random	thermal	
motion	(i.e.	equal	probability	to	move	in	any	direction)	leads	to	
a	diffusion	of	the	particles.	
	

thermal	equilibrium:	 																						zero	net	current	
average	thermal	velocity:	 $

&
𝑚𝑣C(& = "

&
𝑘𝑇	

	
Fick’s	First	Law	of	Diffusion	(3D)	

𝐽M<ZZ = −𝐷 ⋅ ∇𝑁 = −𝐷 £
𝜕𝑁
𝜕𝑥

𝑥± +
𝜕𝑁
𝜕𝑦

𝑦⃗² +
𝜕𝑁
𝜕𝑧

𝑧²§	
	

Diffusivity:	 𝐷	 (diffusion	constant)	
	

Einstein	relations:	
electron:				𝐷R =

)'
*
𝜇R 	 = 𝑉C	𝜇R

holes:										𝐷E =
)'
*
𝜇E = 𝑉C	𝜇E

					" ¡
.

¨
#			

cannot	be	used	for	heavily	doped	semiconductors	(Maxwell	Boltzmann	doesn’t	hold)	
Net	Flux:	𝐹 = 𝐹µ<T(C − 𝐹SLZC	

𝐽M<ZZ	R,E = ©
−𝑞𝐹 = 			𝑞𝐷R

𝑑𝑛(𝑥)
𝑑𝑥 					for	electron

−𝑞𝐹 = −𝑞𝐷E
𝑑𝑝(𝑥)
𝑑𝑥 					for	holes						

		«
𝐴
𝑚2¬	

	

Diffusion	length:	
for	electrons:	 𝐿R = ®𝐷R𝜏R 	
for	holes		 	 𝐿E = ®𝐷E𝜏E	

	

DRIFT		 	
Electrons	move	in	the	opposite	direction	of	the	𝐸-Field.	
	

𝐽MV<ZC	R,E = ¯
−𝑞	𝑛	𝑣MV,R = 𝑞	𝑛	𝜇R	𝐸
				𝑞	𝑝	𝑣MV,E = 𝑞	𝑝	𝜇E	𝐸

					for	electronsfor	holes									

𝜇*	/	𝜇+ ≔ electron	/	hole	mobility	 ·,-
!

.⋅0 ¸			
	

drift	velocity:	
electrons:	
holes:								 		

𝑣MV<ZC,R = −𝜇R 	𝐸
𝑣MV<ZC,E = 			𝜇E	𝐸

					 °𝑐𝑚
@
±		

Holes	usually	move	slower	than	electrons	(𝜇* > 𝜇+)	
	

total	drift	current:	 𝑗MV,CAC = 𝑗MV,R + 𝑗MV,E = 𝜎𝐸	
mobility/conductivity:	 𝜎 = 𝑛	𝑞	𝜇R + 𝑝	𝑞	𝜇E	
	

	
𝑒!	velocity	cannot	increase	indefinitely	as	in	vacuum	
(saturation	of	velocity).	

SIMPLIFICATIONS	
Equilibrium	
At	equilibrium	there	is	no	net	current!	

³
𝐽R = 𝐽MV,R + 𝐽M<ZZ,R = 0

𝐽E = 𝐽MV,E + 𝐽M<ZZ,E = 0
		⇔ 		

𝐸 = )'
*

$
R(B)

MR(B)
MB

𝐸 = )'
*

$
E(B)

ME(B)
MB

		

	

steady	state	
steady	state	→ MR

MC
= ME

MC
= 0,	no	electrical	field	(𝐸 = 0)	

	

for	electrons	(as	minority	carriers):	 𝐷R
M+R
MB+

+ 𝐺R −
�R
�2
= 0	

for	holes	(as	minority	carriers):	 𝐷E
M+E
MB+

+ 𝐺E −
�E
�!
= 0	

	
	
	
	



CONTINUITY	EQUATION		 	
The	conservation	of	carriers	results	in	the	continuity	equations,	
where	𝐺	is	the	generation	and	𝑅	the	recombination	rate.	
	

For	electrons:	
𝜕𝑛
𝜕𝑡

=
1
𝑞
𝜕𝐽R
𝑑𝑥

+ (𝐺R − 𝑅R)	 𝐽* = 𝑛𝑞𝜇*𝐸¼⃗ + 𝑞𝐷*
𝑑𝑛
𝑑𝑥	

𝜕𝑛E
𝜕𝑡

= 𝑛E𝜇R
𝜕𝐸K⃗
𝑑𝑥

+ 𝜇R𝐸K⃗
𝜕𝑛E
𝜕𝑥

+ 𝐷R
𝜕&𝑛E
𝜕𝑥&

+ £𝐺R −
𝑛E − 𝑛E-

𝜏R
§	

	

For	holes:	
𝜕𝑝
𝜕𝑡

= −
1
𝑞
𝜕𝐽E
𝑑𝑥

+ N𝐺E − 𝑅ER	 𝐽+ = 𝑝𝑞𝜇+𝐸¼⃗ − 𝑞𝐷+
𝑑𝑝
𝑑𝑥	

𝜕𝑝R
𝜕𝑡

= −𝑝R𝜇E
𝜕𝐸K⃗
𝑑𝑥

− 𝜇E𝐸K⃗
𝜕𝑝R
𝜕𝑥

+ 𝐷E
𝜕&𝑝R
𝜕𝑥&

+ ´𝐺E −
𝑝R − 𝑝R-

𝜏E
µ	

	

steady	state	
Boundary	Conditions:	
𝑝*(0) = 𝑐𝑜𝑛𝑠𝑡,				𝑝*(𝑊) = 𝑝*1	
	
General	solution:	
𝑝(𝑥) =	

						𝑝LY + (𝑝L(0) − 𝑝LY) 3
sinh 8Z[\

]2
9

sinh 8Z
]2
9
: 	

	
	 	

	

For	𝑾 → ∞, 𝑳𝒑 ≪ 𝑾		
all	quantities	are	time	independent	
	

𝜕𝑝R
𝜕𝑡

= 0 = 𝐷E
𝜕&𝑝R
𝜕𝑥&

−
𝑝R − 𝑝R-

𝜏E
	

	

Boundary	Conditions:	
𝑝*(0) = 𝑐𝑜𝑛𝑠𝑡, 			𝑝*(𝑥 → ∞) = 𝑝*1	
	
minority	carrier	diffusion	length:	

𝑳𝒑 = m𝑫𝒑𝝉𝒑	
	 	

					𝑝R(𝑥) = 𝑝R- + (𝑝R(0) − 𝑝R-) exp ´−
𝑥
𝐿E
µ	

	

For	𝑾	𝐬𝐡𝐨𝐫𝐭, 𝑳𝒑 ≫ 𝑾,	linearize	→	no	recombination	

𝑝R(𝑥) = 𝑝R- + (𝑝R(0) − 𝑝R-) n1 −
𝑥
𝑊
o	

PN	JUNCTION	 		

	
	

equilibrium	

The	fermi	level	through	a	PN-
Junction	remains	constant	
(flat)	at	equilibrium.	The	drift	
current	will	exactly	oppose	the	
diffusion	current	(zero	net	
current)	and	therefore	a	
Voltage	(built	in	Voltage	𝑉 <)	is	
applied	over	the	junction.	
	

Minority	carriers:	 	

	

	
𝑛E- =

RQ
+

�@
= 𝑁z ⋅ 𝑒

!9(1Q;< 	 𝑝R- =
RQ
+

�>
= 𝑁U ⋅ 𝑒

!9(1Q;< 	

𝑛R- = 𝑛E-𝑒
9(1Q
;< 	 	 𝑝E- = 𝑝R-𝑒

9(1Q
;< 	

The	electric	filed	points	from	the	n-side	to	the	p-side.	
	

Built	in	Voltage	𝑽𝒃𝒊	 	
In	general	we	know:	

• 𝑛1 = 𝑁3𝑒!(5"!5#)/89 
From	the	graph	follows:	

• (𝐸3 − 𝐸(): = (𝐸3 − 𝐸(); + 𝑞𝑉<=	

• ⟺ 𝑒!
$%"&%#'(

)* =	𝑒!
$%"&%#'+

)* 𝑒!
,-./
)* 		

Simply	multiplying	both	sides	by	
𝑁3	𝑔𝑖𝑣𝑒𝑠	𝑢𝑠:	

• 𝑛+1 = 𝑛*1 ⋅ 𝑒!
,-./
)* 	

• ⟺ */
!

;0
= N> ⋅ 𝑒!

,-./
)* 	

Reordering	the	terms	we	get:	
	

	

	

𝑉 < =
𝑘𝑇
𝑞
ln´

𝑁U𝑁z
𝑛<&

µ =
𝑘𝑇
𝑞
ln £

𝑝E-
𝑝R-

§ = 	
𝑘𝑇
𝑞
ln ´

𝑛R-
𝑛E-

µ	

Remarks:		
-	The	built	in	Voltage	𝑉<=	only	depends	only	on	the	doping	level	at	the	depletion	region	
edge	(magnitude	of	𝑁%&𝑁$)	
-	Voltmeter	cannot	measure	the	built	in	voltage	because	in	order	to	measure	it,	it	needs	
to	take	some	current	from	the	circuit	(measures	small	current	over	a	high	series	
impedance).	But	at	equilibrium,	there	is	no	current,	so	no	measurement	possible.	

QUASI	FERMI	LEVEL	 	

Under	bias	(e.g.	illumination),	the	equilibrium	fermi	level	
splits	into	2	distinct	„Quasi	Fermi	Levels“	in	each	region	of	
the	diode	and	the	𝑛𝑝-product	is	in-/decreased.	This	is	caused	
by	a	slow	recombination	rate.	
𝒏(𝒙) = 𝑵𝑪𝒆!�𝑬𝑪(𝒙)!𝑬𝑭𝒏� 𝒌𝑻⁄ 	
𝒑(𝒙) = 𝑵𝑽𝒆

!l𝑬𝑭𝒑!𝑬𝑽(𝒙)o 𝒌𝑻⁄ 	
	

𝒏(𝒙)𝒑(𝒙) = 𝒏𝒊𝟐𝒆
l𝑬𝑭𝒏!𝑬𝑭𝒑o 𝒌𝑻⁄ 	

	 = 𝒏𝒊𝟐𝒆𝒒𝑽𝑭 𝒌𝑻⁄ 	

	 = 𝑵𝑪𝑵𝑽𝒆
l𝑬𝑭𝒏!𝑬𝑭𝒑o 𝒌𝑻⁄ 	

	
	

	

SHOCKLEY	BOUNDARY	CONDITIONS	
Minority	Carrier	Concentration:	

𝑛EN−𝑥ER	= 𝑁z ⋅ 𝑒
!	9A(1QB(=C;< 	 = 𝑛E- ⋅ 𝑒

9(=
;< 		 = 𝑛E- + Δ𝑛E	

𝑝R(𝑥R)	 = 𝑁U ⋅ 𝑒
!	9A(1QB(=C;< 	 = 𝑝R- ⋅ 𝑒

9(=
;< 	 = 𝑝R- + Δ𝑝R	

	

Remember:	𝑛+1, 𝑝*1	are	the	minority	carrier	concentrations	⇒ 𝑛+1 =
*/
!

;0
, 𝑝*1 =

*/
!

;1
	

	

MR
MB
= R!?�L(9(=)/;<!$�

S2
	 ME

MB
= E2?�L(9(=)/;<!$�

S!
	

	
applied	voltage:	
𝑉. = −𝑉µ =

)'
*
ln £R!�!B!�

R!?
§ = )'

*
ln nE2(B2)

E2?
o		

Plotted	on	an	x-axis	log	scale:	
	

	
Forward	bias	→	minority	carrier	injection	
Reverse	bias	→minority	carrier	extraction	
	

ELECTROSTATICS	–	PN	JUNCTION	 	
1-D	Poisson-equation:	MN

MB
= Ø

Ù*Ù?
= Ø

Ù.
		

Electric	field:	 𝐸(𝑥) = ∫ Ø(Ú)
Ù.
𝑑𝑦B2

B 					for			0 < 𝑥 < 𝑥R	

charge	density:	 𝜌 = ¯−𝑞 ⋅ 𝑁U			𝑞 ⋅ 𝑁z
					 P′regionN′region	

	

𝒑-region	 −𝒙𝒑 ≤ 𝒙 ≤ 𝟎	 𝒏-region	 𝟎 ≤ 𝒙 ≤ +𝒙𝒏	
𝑑𝐸
𝑑𝑥

=
𝜌
𝜀@
= −

𝑞𝑁U
𝜀@
	

	

𝐸(𝑥) = Æ
𝜌(𝑦)
𝜀@

𝑑𝑦
B

!B!

=	−
𝑞𝑁U(𝑥 + 𝑥E)

𝜀@
	

𝑑𝐸
𝑑𝑥

=
𝜌
𝜀@
=
𝑞𝑁z
𝜀@

	
	

𝐸(𝑥) = Æ
𝜌(𝑦)
𝜀@

𝑑𝑦
B2

B

=
𝑞𝑁z(𝑥 − 𝑥R)

𝜀@
	

|𝐸0WB| = |𝐸(𝑥 = 0)| =
𝑞𝑁U(𝑥E)

𝜀@
=
𝑞𝑁z(𝑥R)

𝜀@
	

S5a4: If we are at equilibrium then:  𝑛𝑞𝜇R𝐸K⃗ = −𝑞𝐷R
MR(B)
MB

 

Or even 𝐸K⃗ = − M+
MB
= − $

*
M(N(!N=)

MC
 

	

Charge	Neutrality:	

/ 𝑁"(𝑥)𝑑𝑥 = / 𝑁#(𝑥)𝑑𝑥

$)

%

%

&$2

	

	 𝑁U𝑥E = 𝑁z𝑥R	(const.	doping)	
	
Note:	If	you	increase	the	
doping	level	then:	
		→ 𝑊	decreases		
		→	𝐸0WBincreases	

𝑉 < = Æ 𝐸(𝑥)
B2

!B!
𝑑𝑥

= (ΦBR −ΦBE)	
	
	

	

Note	that	:	

𝑉 < =
𝑞𝑁UN𝑥ER

&

2𝜀@
+
𝑞𝑁z(𝑥R)&

2𝜀@
=
1
2
𝐸0WB𝑊	 ⇒	 𝐸0WB =

2𝑉 <

𝑊
	

	

Depletion	Width:	

𝑾 = 𝒙𝒑 + 𝒙𝒏 = É
𝟐𝜺𝒔
𝒒
£
𝟏
𝑵𝑨

+
𝟏
𝑵𝑫

§𝑽𝒃𝒊	

for	reverse	bias:	𝑽𝒃𝒊 ↦ 𝑽𝒃𝒊 + 𝑽𝑹,			for	forward	bias:	𝑽𝒃𝒊 ↦ 𝑽𝒃𝒊 − 𝑽𝑭	

𝑥L = HJhA
i
+ jB
jC(jBkjC)

- 𝑉lm	 𝑥O = HJhA
i
+ jC
jB(jBkjC)

-𝑉lm		
	

Due	to	the	reverse	bias	the	area	is	now	increased	to	𝑉 < + 𝑉µ,	
accordingly	the	depletion	length	increases.	
For	high	doping	levels,	W	is	very	narrow.	
	

DEPLETION	APPROXIMATION	
The	depletion	approximation	is	the	fact	that	we	can	
approximate	the	charge	densities	as	being	“box-like”.	This	
approximation	is	valid	in	the	depletion	regions	where	the	
acceptors/donors	are	uncovered	(un-ionized).	
The	approximation	is	usually	valid	if	both	sides	of	the	junction	
are	of	different	types	

	 	
Example	of	isotype	junction:

	
	

ONE	SIDED	JUNCTION	
Remark:	high-level	injection	
	 →	 𝑛n𝑝:		 𝑛E(𝑥) > 𝑁U	
	 →	 𝑝n𝑛:		 𝑝R(𝑥) > 𝑁z 	

	
For	a	one	sided	junction	the	lightly	doped	side	determines	
the	depletion	length	W.	
	

𝒑n𝒏	junction:	
If	𝑁U ≫ 𝑁z 	then	we	call	
the	junction	𝑝n𝑛.	
→ 𝑥E ≪ 𝑥R ≈ 𝑊	

→ 𝑊 ≈ m &Ù.
*�>

(𝑉 < + 𝑉µ)		

→ 𝐸0WB =
*�>
Ù.
𝑊		

	
𝒏n𝒑	junction:	
	𝑁U ≪ 𝑁z		

→ 𝑊 ≈ m &Ù.
*�@

(𝑉 < + 𝑉µ)		

	
 
 
 
 

	



CURRENT	IN	THE	PN-JUNCTION	(LONG	DIODE)	
We	will	now	try	to	understand	how	the	current	is	generated	
inside	a	PN-Junction,	and	derive	it’s	IV-characteristics,	which	
are	the	ones	of	a	diode.		
We	assume	a	long	
diode	(i.e.	
undepleted	regions	
are	much	larger	than	
Lp,	:	𝐿 ≪ 𝑊).	
There	is	zero	field	in	
the	undepleted	
regions	so	only	drift	
current	in	those	
regions.	
Due	to	minority	
carrier	injection,	
there	is	a	minority	
carrier	gradient,	so	a	
diffusion	current.	In	
the	following,	we	
look	at	the	n-side.	 	
	
The	change	in	minority	carrier	is	

𝑝R(𝑥 > 𝑥R)	= 𝑝R- + Δ𝑝R𝑒
!nBn2o! 	

= 𝑝R- + 𝑝R- £𝑒
9(=
;< − 1§ 𝑒

!nBn2o! 	
Where	we	inserted	the	Shockley	
boundary	condition	for	Δ𝑝R =
𝑝R(𝑥R) − 𝑝R-.	Using	the	formula	
for	diffusion	current	in	𝑥R,	we	
get:		
�	 𝐽E(𝑥R)	 = −𝑞𝐷E °

ME2
MB
±
B2
	

= −𝑞𝐷E «𝑝R- £𝑒
9(=
;< − 1§ 𝑒

!nBn2o! 	

∙ ´−
1
𝐿E
µ¬

B2

=
𝑞𝐷E𝑝R-
𝐿E

£𝑒
9(=
;< − 1§	

	
We	can	add	up	both	
contributions	to	get	the	total	
current.	
⇒ 𝐽 = 𝐽R + 𝐽E	

	

𝐉 = 𝒒𝑫𝒏
𝒅𝒏
𝒅𝒙

− 𝒒𝑫𝒑
𝒅𝒑
𝒅𝒙

= «
𝒒𝑫𝒏𝒏𝒑𝟎
𝑳𝒏

+
𝒒𝑫𝒑𝒑𝒏𝟎
𝑳𝒑

¬
���������������
𝑱𝒔¦𝑺𝒂𝒕𝒖𝒓𝒂𝒕𝒊𝒐𝒏	𝑪𝒖𝒓𝒓𝒆𝒏𝒕

⋅ £𝒆l
𝒒𝑽𝑭
𝒌𝑻 o − 𝟏§	

	
	

	 ⇒ 𝐼 = 𝐼v £𝑒
l9(=;< o − 1§ ≈ 𝐼v𝑒

l9(=;< o	 	

If	we	use	the	approximation	we	neglect	the	tiny	reverse	saturation	current.		
The	current	𝐽 = 𝐽R + 𝐽E	has	to	be	constant	throughout	the	
whole	depletion	region.	In	the	depletion	region	we	have	to	
consider	the	diffusion	and	the	drift	current	whereas	we	only	
have	to	consider	the	diffusion	current	outside	the	depletion	
region.	
	

	
	

	
	

SHORT	DIODE	(FORWARD	BIAS)	 	
The	Diode	is	shorter	than	the	diffusions	length	(𝐿 ≫ 𝑊),	and	
since	the	boundary	condition	must	be	fulfilled,	it	forces	the	
charge	density	to	equilibrium	at	the	end	of	the	Diode	(= 𝑊)	we	
get	𝑝R(𝑊) = 𝑝R-.	
This	means	we	have	a	linear	decay	in	minority	carriers.	
𝑝R(𝑥) = 𝑝R- + (𝑝R(𝑥R) − 𝑝R-) n1 −

𝑥 − 𝑥R
𝑊

o 	𝑓𝑜𝑟	𝑥 > 𝑥R	
	

This	means	that	the	respective	contributions	in	diffusion	current	
of	the	minority	and	majority	carriers	stay	constant	throughout	
the	non-depleted	region!	In	opposition	to	the	long	diode	case,	
where	 the	 minority	 carrier	 diffusion	 current	 would	 decay	
exponentially,	 reciprocally	 to	 the	 majority	 carrier	 diffusion	
current.	
With	help	of	the	continuity	equation	in	steady	state	we	find:	
	

𝐽M<ZZ,E	 = −𝑞𝐷E °
ME2
MB
±
B¦å2

= 𝑞[𝑝R(0) − 𝑝R-]
z!
S!

æ¨çèét2Bn
o!

ê

çëìèét2
o!
ê
	

	

Weak	Recombination	Limit:	

𝑊R/𝐿E ≪ 	1 ⇒ sinh´
𝑊R
𝐿E
µ ≈ 𝑊R/𝐿E	

⇒ 𝐽M<ZZ,EÑB¦å2
= 	𝑞 ⋅ 𝑝R-

𝐷E
𝑊R

£𝑒
9(=
;< − 1§	

analogously	for	𝐽D=EE,*	
	

we	get	in	total:	
	

⇒ 𝐽 = ´	
𝑞𝐷E𝑝R-
𝑊R

+
𝑞𝐷R𝑛E-
𝑊E

µ £𝑒
9(=
;< − 1§ = 𝐽@(𝑒

9(=
;< − 1)	

	
𝐽@	is	increased	compared	to	the	long	diode	(W	<<	L).	

	
forward	bias	𝑽𝑭 = 𝐄𝐅𝐧 − 𝐄𝐅𝐩 > 𝟎	 	
A	forward	bias	corresponds	to	connecting	the	positive	terminal	to	the	
anode	(p-type	region)	and	negative	terminal		to	the	cathode	(n-type	
region)	
Applying	a	forward	bias	𝑉u	reduces	band	bending	and	reduces	the	
recombination	length.	
→	Bias	diminishes	the	electric	field.	
→	“-“	terminal	pushes	the	electrons	from	the	p-side	to	the	n-side.	“+”	
terminal	attracts	those	electrons	to	the	p-side.	
→	injection	of	minority		carriers	(𝑛O > 𝑛OY, 𝑝L > 𝑝LY)	
→	excess	in	minority	carrier	concentrations	at	the	depletion	region	
edge		
The	voltage	across	the	diode	is	reduced:		

replace	𝑉lm ↦ 𝑉lm − 𝑉u	
Shockley	bound.	cond.:	𝑛O = 𝑛LY𝑒[i(NGH[NI)/vw = 𝑛OY𝑒

JKI
LM 	

																																							𝑝L = 𝑝LY𝑒
JKI
LM 	

 

𝑛(𝑥)𝑝(𝑥) = 𝑁>𝑁­𝑒
!
:x
;<𝑒

:=2B:=!
;< = 𝑛<&𝑒

:=2B:=!
;< = 𝑛<&𝑒

*(=;< ≥ 𝑛<&	

	
	

Recombination	in	depletion	Region	
𝑈	 = ­#'®?�#RQ

+�L9(=/;<!$�

E2nR2n&RQ æ¨çèl
:#B:Q
;< o

	 Note:	 cosh(~0) ≈ 1	

	

𝑝R𝑛R = 𝑛<&𝑒*+=/)'	 	
	

𝑈0WB	 =
­#'®?�#RQ

+�L9(=/;<!$�
&RQ�L9(=/+;<n$�

= $
&
𝑣C(𝜎-𝑁C𝑛<𝑒*+=/&)'		

𝑈-NO	for	𝑝* = 𝑛* = 𝑛=𝑒
,-#
!)* , 𝑉( > 3	𝑘𝑇/𝑞	

	

𝐽VL/ = ∫ 𝑞𝑈𝑑𝑥å
- ≅ *å

&
𝑣C(𝜎-𝑁C𝑛<𝑒

9(=
;< = *åRQ

&�*
𝑒*+=/&)' 		

	

Total	forward	current:	

𝑱𝑭𝑻 = 𝑱𝑺 £𝒆
𝒒𝑽𝑭
𝒌𝑻 − 𝟏§ + 𝑱𝒓𝒆𝒄				

	 = Ô 𝒒𝑫𝒏
𝑵𝑨𝑳𝒏

+ 𝒒𝑫𝒑
𝑵𝑫𝑳𝒑

Õ 𝒏𝒊𝟐(𝒆
𝒒𝑽𝑭
𝒌𝑻 − 𝟏) + 𝒒𝑾𝒏𝒊

𝟐𝝉𝒓
𝒆
𝒒𝑽𝑭
𝟐𝒌𝑻 	

	 ideal	 	 recombination	forward	current	
Ideal	current	increases	more	rapidly	than	the	recombination	current	and	eventually	
dominates.	
	

reverse	bias	𝑽𝑹 = 𝐄𝐅𝐩 − 𝐄𝐅𝐧 > 𝟎	 	
A	reverse	bias	corresponds	to	connecting	the	positive	terminal	to	the	
cathode	(n-type	region)	and	the	negative	terminal	to	the	anode(p-
type	region).	
Applying	a	reverse	bias	𝑉}	increases	band	banding	and	increases	the	
recombination	length	
→	Bias	increases	the	electric	filed.	
→	“-“	terminal	repels	the	electrons	to	the	n-side.	
→	deficit	in	minority	carrier	concentrations	at	the	depletion	region	
edge	(carrier	extraction)	(𝑛O < 𝑛OY, 𝑝L < 𝑝LY)	
The	voltage	across	the	diode	is	increased:		

replace	𝑉lm ↦ 𝑉lm + 𝑉}	
E.g.:	𝑛O = 𝑛LY𝑒[i(NGHkNP)/vw = 𝑛OY𝑒[

JKP
LM 	

	

𝑛(𝑥)𝑝(𝑥) = 𝑛<&𝑒
!*(~;< ≤ 𝑛<&	

	
	

Carrier	concentrations	in	the	depletion	region	are	lowered	with	respect	to	
equilibrium.	

	

Generation	in	depletion	Region	
Under	reverse	bias:𝑛(𝑥)𝑝(𝑥) < 𝑛mJ.	Since	the	semiconductor,	will	always	try	to	
restore	equilibrium,	for	a	carrier	deficit,	generation	takes	place.	So	electron	holes	
pairs	are	generated	int	the	depletion	region,	which	gives	rise	to	a	“generation	
current”,	that	adds	to	JS.		

To	approximate	the	total	generation,	we	integrate	the	maximum	generation	over	W.	
Generation	Rate:	

𝐺 = −𝑈	 = ­#'®2®!�#RQ
+

®!·RQLA:QB:#C/;<¸n®2·RQLA:#B:QC/;<¸
	

	 	 = ­#'®?�#RQ
·LA:QB:#C/;<¸n·LA:#B:QC/;<¸

	

	 	 = ­#'®?�#RQ
&æ¨çèl:#B:Q;< o

= RQ
�x
	 Note:	 cosh(~0) ≈ 1	

	
𝐽TLR = ∫ 𝑞𝐺𝑑𝑥å

- ≅ *RQ
�x
𝑊		

Total	reverse	current:	
	

𝑱𝑹𝑻 = 𝑱𝑺 + 𝑱𝒈𝒆𝒏 = «
𝒒𝑫𝒏
𝑵𝑨𝑳𝒏

+
𝒒𝑫𝒑
𝑵𝑫𝑳𝒑

¬𝒏𝒊𝟐 +
𝒒𝑾𝒏𝒊
𝝉𝒈

	

	 	 ideal	 recombination	reverse	current	
Remarks:	
𝑊	increases	with	the	square	root	of	𝑉, + 𝑉-. 	
Narrower	bandgap	materials	have	high	𝑛. 	and	𝑱𝑺		will	dominate.	
Wider	bandgap	materials	have	small	𝑛.	so	𝑱𝒈𝒆𝒏	might	dominate.		
This	is	counterintuitive	to	the	fact	that	smaller	bandgap	means	
easier	generation,	but	we	look	at	ni	not	EG.	

DIODE	NON-IDEALITIES	
We	have	seen	forward	bias	recombination,	reverse	bias	
generation.	We	now	see	2	breakdown	mechanisms	in	reverse	
bias.	
Band-to-Band	Tunneling	(Zener)	
The	high	reverse	bias	increases	the	electric	field	such	that	
the	electrons	tunnel	(quantum	mechanically)	across	the	bandgap	
and	thus	increase	the	current	exponentially.	The	current	
at	which	it	happens	is	the	breakdown	voltage	𝑉û.	B2B	
tunnelling	dominates	(occurs	for	smaller	VB)	if	both	sides	
are	heavily	doped	and	when	the	bandgap	is	relatively	
small.	=>	depletion	width	very	thin	

	

Avalanche	Multiplications/Impact	ionization	
If	the	electric	field	(reverse	bias	𝑉µ)	becomes	high	enough	
that	carriers	acquire	enough	kinetic	energy	to	break	
covalent	bonds	in	the	depletion	layer,	they	generate	new	
electron-hole	pairs	via	collisions,	thus	increasing	the	
current	rapidly.	Since	large	W	and	small	𝐸? 	implies	a	high	
probability	of	collision	and	generation	of	e/h	pairs,	for	high	
impact	ionization,	we	want	a	thick	depletion	region	W,	
this	happens	for	lower	doping	levels	and	a	narrow	
bandgap.	

	
	
We	can	summarize	all	behaviours:	
	



	

a) Recombination	in	
depletion	region	

b) ideal	injection	
(𝜂 = 1; 	60 0+

ML/
	𝑠𝑙𝑜𝑝𝑒)	

c) high-level	injection,	
(minority	carriers	
approach	majority	
concentration,		𝜂 = 2)	

d) series	resistance	
effects	(Δ𝑉. = 𝑟@ ∙ 𝐼𝐹)	
where	Δ𝑉.	is	the	
deviation	from	the	
ideal	characteristic	

e) generation	in	
depletion	region	

f) Junction	breakdown	
mechanisms	

	

𝐽 ≈ 𝐽@𝑒
9(=
;< 								𝑓𝑜𝑟	𝑉. > 3𝑘𝑇 

𝐽 ≈ −𝐽@													𝑓𝑜𝑟	𝑉. < −3𝑘𝑇 
 
An	ideal	diode	characteristic	has	a	slope	of	𝟔𝟎𝒎𝑽 𝒅𝒆𝒄⁄ 	
	

For	non	idealities	we	consider	the	ideality	factor	𝜂	

⇒ 𝐽 = 𝐽@ £𝑒
l9(=�;<o − 1§	

To	calculate	𝜂: 𝜂 = T
=-
	where	g	is	the	gradient	in	0+

ML/
	

Or,	(see	s8a3a)	take	2	points	(𝐽$; 𝑉.$), (𝐽&; 𝑉.&)	

	
𝐽$
𝐽&
= 𝑒l

9((=3B(=+)
�;< o 	⟺ 𝜂 =

𝑉.$ − 𝑉.&
)'
* ln n

ü=3
ü=+
o
		

	

	

DEPLETION/JUNCTION	CAPACITANCE	
𝑪𝒋 ≡

𝐝𝐐
𝐝𝐕

=
dQ

W ��
�Q

=
𝜖�
𝑊
	

1
𝐶�J

=
1
𝜖�J
2𝜖�
𝑞
(
1
𝑁�
+
1
𝑁�
)(𝑉lm − 𝑉u)	

Assuming	the	doping	levels	are	
constant	this	capacitance	can	be	
used	to	determine	the	built	in	
voltage.	By	simply	measuring,	
with	a	capacitance	meter,	the	
voltage	at	which	 �

FR
S = 0.	

	

DIFFUSION	CAPACITANCE	
Given	a	1-sided	short	
diode.	For	a	small	decrease	
in	VF	we	have	an	excess	
charge	dQp.	

𝐶\ =
\]ý
\ þ̂

= \]ý
\_

\_
\ þ̂

=

𝜏 ∙ `
aÿ
= b!

"

cdý

_
#$
%

		[ e
fg"]		

	
Where	we	used:	

𝐽 = n	*z!E2?
å2

o £𝑒
9(=
;< − 1§		

𝑄E =
𝑊R
2
∙
𝐽𝑊R
𝐷E

	

𝜏 ≔ 𝑡	𝑡𝑜	𝑑𝑟𝑎𝑖𝑛	𝑄E	𝑤𝑖𝑡ℎ	𝐽	
1
𝑟M
≔ 𝑠𝑠	𝑐𝑜𝑛𝑑𝑢𝑐𝑡𝑎𝑛𝑐𝑒	

	
JUNCTION	VS	DIFFUSION	CAPACITANCE	
-The	 junction	 (depletion)	 capacitance	 Cj	 dominates	 in	 reverse	
bias.	It	would	become	infinite	for	a	forward	bias	of	Vbi,	but	the	
depletion	approximation	model	fails	for	strong	forward	bias.	
-In	 forward	 bias,	 the	 diffusion	 capacitance	 Cd	 due	 to	minority	
carrier	 charge	 storage	 eventually	 becomes	 dominant:	 it	 is	
proportional	to	current	and	grows	exponentially	(faster	than	the	
power	law	of	Cj).	

	

DIODE	CHARGE	STORAGE	(SWITCHING)	
Zero	resistance:	Shockley	boundary	conditions	appear	directly	
at	the	edges	of	the	depletion	region.(	c)	and	d)	).	Remember:	I	
(see	b)	)	is	proportional	to	the	derivative	of	the	carrier	densities.	

	

Non-zero	resistance:	Now	we	have	an	RC	pair	so	instantaneous	
change	in	voltage		across	the	diode	is	not	possible.	So	Shockley	
boundary	conditions	aren’t	instantaneous(	c)	and	d)	).	

	

BJT	(BIPOLAR	JUNCTION	TRANSISTOR)	 	
Operating	Principle	for	normal	active	mode	

	

Emitter/Base	 forward	 bias	
injects	 minority	 carriers	 in	
the	base.	
	
In	 the	 base	 recombination	
may	occur.	The	consumed	e/h	
pairs	are	replaced	by	the	base	
contact.	
	
The	 electrons	 which	 did	 not	
recombine	 are	 extracted	 by	
the	 reverse-biased	 Base/	
Collector	junction.	Ideally	this	
current	is	independent	of	VCB	
	
Note:	 The	 BJT	 is	 a	 minority	
carrier	device	

Q:	Why	doesn’t	the	current	flow	out	in	the	base	contact?	
A:	The	base	layer	is	thin	so	carriers	will	easily	pass	thought	it.	
Minority	carriers	are	extracted	by	the	B/C	junction,	because	
they	are	driven	by	their	gradient	caused	by	the	reverse	bias.	
But	if	the	collector	was	open	circuit,	all	the	current	would	flow	
through	the	base	contact.	
Q:	Why	do	we	need	2	types	of	BJTs?	
A:	Combined	together,	they	provide	circuit	design	flexibility.	
NPN	are	faster	(larger	bandwidth)	because	they	rely	on	
electron	transport	(higher	mobility	and	drift	velocity	than	h).	

	
	
Operation	Modes	

	
When	the	minority	carrier	density	is	higher	(bending	up)	in	the	Base	@	the	E/B	or	B/C	
then	it	is	forward	biased,	if	it	is	smaller	(bending	down),	then	it	is	reversed.	
	
NPN	Modes:	
Normal	Active	Mode:	
Current	flows	from	collector	to	emitter.		The	transistor	acts	
as	a	voltage	controlled	current	source	𝐼>(𝑉ûN).	The	collector	
current	𝐼>	is	prop.	to	the	base	current	𝐼û =

ü&
�
.	

	

Emitter	injects	𝑒!	into	the	base	which	sucked	off	by	the	collector.	The	𝑉T5 	controls	
the	number	of	injection	𝑒!	.	
	

Inverse	Active	Mode:	
Like	Normal	Active	Mode,	but	current	flows	from	emitter	to	
collector.	The	gains	(𝛼	&	𝛽)	are	much	smaller.	
	

Emitter	and	Collector	change	roles	(𝑒!	are	injected	via	the	collector)		
	

	
Saturation	Mode:	
The	transistor	acts	like	a	short	circuit	⇔	On	Mode.	Current	
flows	almost	freely	from	Collector	to	Emitter	
	

Base	is	flooded	with	𝑒!	from	both	sides	and	the	current	cannot	be	controlled	by	𝑉5T 	
any	longer.	The	current	is	the	max	current	of	the	normal	active	mode.	

	
Cutoff	Mode:	
The	transistor	acts	like	an	open	circuit	⇔	Off	Mode.	No	
current	flows	from	Collector	to	Emitter.	
	

Because	of	the	reverse	bias	over	Base/Emitter	junction	no	𝑒!		will	be	injected	into	
the	base.	No	current	can	flow.	

	
For	PNP	BJT	the	Emitter	and	Collector	change	roles	respectively	the	Emitter	injects	holes	
instead	of	𝑒!	→	current	direction	changes.	
	
drawing	band	diagrams	in	modes	
1.	draw	the	equilibrium	(unbiased)	band	diagram	



2.	If	the	biased	voltage	is	in	the	same	direction	as	the	
electric	field	of	the	unbiased	BJT,	then	the	potential	
difference	grows,	if	the	biased	voltages	is	in	the	opposite	
direction	than	the	unbiased	BJT,	then	the	potential	
difference	is	reduced.		

	
	

	
Shockley	Boundary	Condition	–	Carrier	Concentration	
At	the	end	of	the	depletion	region	it	holds	that:	
𝑛O)−𝑥O* = 𝑛OY exp +

iNI
vw
-		&		𝑝L(𝑥L) = 𝑝LY exp +

iNI
vw
-	

The	normed	carrier	concentration	thus	has	to	be	equal	on	
both	sides	of	the	depletion	region	(for	E/B	&	B/C)	

𝑛EN−𝑥ER
𝑛E-

=
𝑝R(𝑥R)
𝑝R-

= exp £
𝑞𝑉.
𝑘𝑇

§	
	

We	can	rewrite	it	in	form	of	a	change:	
𝑛O)−𝑥O* = 𝑛OY + Δ𝑛 ⇒ Δ𝑛 = 𝑛OY 8exp 8

𝑞𝑉u
𝑘𝑇

9 − 19	

⇒ �L
L2U

= +exp +iNI
vw
- − 1-		&	analog	:	 �O

O)U
=	+exp +iNI

vw
- − 1-	

	

NPN – Inverse Active Mode PNP – Saturation Mode 
 

 
	

normed concentration change: 
Δ𝑛5
𝑛51

=
𝑛5(𝑎) − 𝑛51

𝑛51
= 𝑒V

,-%2
)* W − 1	

	

Δ𝑛3
𝑛31

= 𝑒V
,-"2
)* W − 1 

	

IDEAL	BJT	 	
Assumptions:	
-	No	Generation/Recombination	in	the	Base	Layer	
-	no	B/C	junction	reverse	leakage	
-	Shockley	Boundary	conditions	(injection	from	Emitter	to			
Base	and	from	Base	into	Emitter)	
-	𝐼/ 	doesn’t	depend	on	𝑉û> 	
	

ideal	PNP	BJT	|	Equilibrium:	

	

PNP	(no	recombination	in	Base)	

	
There	are	two	currents	present:	a	hole	current	and	an	electron	current.	
	

𝐼� = 𝐼O� + 𝐼L� = 𝐼F + 𝐼�		=
�

�[�
𝐼�	 𝐼F = 𝐼OF + 𝐼LF					= 𝛼𝐼� = 𝛽𝐼�	

 

Currents	(𝑽𝑩𝑪 = 𝟎)	
𝑝*1 = 𝑛=Z/𝑁$,T 	&	𝑛51 = 𝑛=Z/𝑁%,5 	

 

𝐽Eû =
𝑞𝐷Eû
𝑊

𝑑𝑝Rû
𝑑𝑥

=
𝑞𝐷Eû
𝑊

𝑝R-N𝑒*+:�/)' − 1R = 𝐽E> = 𝐽EN 	

𝐽RN =
𝑞𝐷RN
𝐿RN

𝑑𝑛N
𝑑𝑥

=
𝑞𝐷𝑛N
𝐿RN

𝑛N-N𝑒*+:�/)' − 1R	
	

𝐼> = 𝐴N ⋅ 𝐽E> = 𝐼vN𝑒*+:�/)' − 1R	

𝐼û = 𝐴N ⋅ 𝐽RN =
𝐼v
𝛽
£𝑒

9(:�
;< − 1§	

	
Common	Emitter	Current	Gain	(forward)	
𝛽Z*M =

ü&
ü�
= ü!&

ü2:
= ü!:

ü2:
		

we	assume	that	all	junctions	have	equal	areas	and	can	therefore	write:	
with:	𝑝*1 = 𝑛=Z/𝑁$,T	&	𝑛51 = 𝑛=Z/𝑁%,5 	

𝛽Z*M =
+!:
+2:

= z!�
z2:

S2:
å�

�@,:
�>,�

		
For	a	useful	BJT	we	want	a	high	𝛽	and	therefore	𝑁%,5 ≫ 𝑁$,T		
	

Please	note,	that	this	only	holds	for	forward	active	mode.	
In	the	same	manner	we	can	derive	the	common	emitter	
current	gain	for	the	inverse	active	mode	𝛽VL­ =

ü:
ü�
				(S7.4)	

	
	

NPN	(no	recombination	in	Base)	

	
𝐼� = 𝐼O� + 𝐼L� = 𝐼F + 𝐼�	
	
Currents	(𝑽𝑩𝑪 = 𝟎)	

𝐽û = 𝐽EN = −𝑞𝐷EN
𝑑𝑝N
𝑑𝑥

= −
𝑞𝐷EN
𝐿EN

𝑝N-N𝑒*+�:/)' − 1R	

𝐽R> = 𝐽Rû = 			𝑞𝐷Rû
𝑑𝑛û
𝑑𝑥

= −
𝑞𝐷Rû
W.

𝑛û-N𝑒*+�:/)' − 1R	
	

	
	

PROPERTIES	OF	BJT	
	 NPN	 PNP	
	

Emitter	Efficiency	

	 𝛾 ≔ ü:2
ü:!nü:2

= ü:2
ü:
		 𝛾 ≔

ü:!
ü:!nü:2

=
ü:!
ü:
		

	

Common	Emitter	Current	Gain	

	 𝛽 ≔ ü&
ü�
= ü&

ü:!ü&
= /ü:

ü:!/ü:
= /

$!/
		

	

ideal:	 𝛽Z*M	=
ü2&
ü!:

= ü2:
ü!:
	

	 = z2�
z!:

S!:
å�

�>:
�@�

		

𝛽Z*M	=
ü!&
ü2:

= ü!:
ü2:
		

	 = z!�
z2:

S2:
å�

�@,:
�>,�

		

	 𝛽VL­ =
z2�
z!&

S!&
å�

�>&
�@�

		 𝛽VL­ =
z!�
z2:

S2:
å�

�@&
�>�

		
	

Common	Base	Current	Gain	

	 𝛼 ≔ ü&
ü:
= �

$n�
		

	 𝛼 ≈
𝐼R>
𝐼N

= 𝛾 ⋅ 𝛼' 	 𝛼 ≈
𝐼>E
𝐼N

= 𝛾 ⋅ 𝛼' 	
	

Base	Transport	Factor	
Fraction	of	carriers	that	succeed	in	crossing	the	base.	
If	the	base	thickness	is	much	smaller	than	the	base	recombination	length,	then	it	
holds	that:	𝛼9 = 1	because	there	is	no	recombination	in	the	base	(𝐼TT = 0).	

	 𝛼' =
ü2&
ü2:
		 𝛼' =

ü!&
ü!:
		

	

Transconductance	
For	a	voltage	driven	current	source,	the	gain	is	defined	as	a	
transconductance	

𝑔2 =
𝑑𝐼>
𝑑𝑉Nû

= 𝐼v𝑒*+:�/)' ⋅
𝑞
𝑘𝑇

=
𝐼>

𝑘𝑇/𝑞
	

	

neutral	(undepleted)	base	width	𝑾𝒏𝒆𝒖𝒕𝒓𝒂𝒍	
The	neutral	base	width	is	the	difference	between	total	base	width	
and	the	depletion	region	in	base	resulting	from	both	junctions.	

𝑊 = 𝑥O + 𝑥L = l
2𝜀�
𝑞
8
1
𝑁�
+
1
𝑁�
9 (𝑉lm + 𝑉}), 𝑁�𝑥O = 𝑁�𝑥L	

	

For	NPN	it	is	the	𝑝-side	extend:	

𝑊 = 𝑥E + 𝑥R = 𝑥E £1 +
𝑁U
𝑁z
§ ⇔ 𝑥E =

𝑁z
𝑁U +𝑁z

𝑊		

we	calculate	𝑥E	for	both	junctions:	𝑥E:� , 𝑥E�&	
⇒𝑊RL²CVWY − 𝑥E:� − 𝑥E�&	
For	PNP	it	is	the	𝑛-side	extend:	

𝑊 = 𝑥E + 𝑥R = 𝑥R £1 +
𝑁z
𝑁U
§ ⇔ 𝑥R =

𝑁U
𝑁U +𝑁z

𝑊		

we	calculate	𝑥R	for	both	junctions:	𝑥R:�, 𝑥R�&	
⇒ 𝑊RL²CVWY − 𝑥R:� − 𝑥R�&	

	

Gain	mechanism:	(B|7.15)	

	
If	recombination	does	not	play	a	role	in	the	emitter	(i.e.		𝐿34 ≫ 𝑊4),	
use	emitter	thickness	𝑊4 	instead	of	𝐿34 	
	

NON-IDEAL	BJT	
BASE	RECOMBINATION	
Some	of	the	injected	electrons	𝐼N 	recombine	with	holes	in	the	
base.	Note	that	most	electrons	reach	the	collector	since	𝐿Rû ≫
𝑊.	The	recombined	holes	are	re-supplied	by	base	current	and	
therefore	𝐼ûû	will	rise	and	𝛽	will	be	reduced.	

𝐼û = 𝐼N − 𝐼> = 𝐼NR + N𝐼NE − 𝐼>ER�������
𝐵𝑎𝑠𝑒	𝑅𝑒𝑐𝑜𝑚𝑏𝑖𝑛𝑎𝑡𝑖𝑜𝑛

− 𝐼>R	

	
B/C	REVERSE	LEAKAGE	
The	B/C	Junction	is	reverse	biased	but	nonetheless	a	small	
minority	hole	diffusion	current	from	collector	to	base	exists.		

𝐼E> =
𝑞𝐷E>𝑝>-
𝐿E>

	

	
BAND	TO	BAND	TUNNELLING	
At	high	doping	level	quantum	mechanical	tunnelling	occurs.	
For	a	npn	BJT	we	have	(equivalent	for	pnp)	electrons	from	the	
first	n-p	junction	will	tunnel	and	recombine	with	a	hole	of	the	
p-type	base.	Therefore:	𝐼NC = 𝐼ûC	
Normal	BJT	operation:		𝐼NR = 𝐼ûR + 𝐼>R	
With	tunnelling:	𝐼N,CAC = 𝐼NR + 𝐼NC = 𝐼ûR + 𝐼ûC + 𝐼>R	

If	tunnelling	becomes	dominant,	then	𝐼>R	goes	to	0.	
(𝛽 → 0)	
	

PNP	

	
𝐼û = 𝐼N − 𝐼> = 𝐼RN + 𝐼ûû − 𝐼R> = 𝐼RN + N𝐼EN − 𝐼E>R − 𝐼R> 	
	
For	𝑊û ≫ 𝐿û𝑊	there	is	no	recombination	in	the	base	
Region	⇒ 𝛼' = 0, 𝐽ûû = 0, 𝐽E> = 𝐽EN = 𝐽Eû		
	
For	Silicon	it	holds:	(total	reverse	current)	

𝐽R> = 𝐽v + 𝐽TLRê
≈-

= Ô
𝑞𝐷R𝑛E-
𝐿R

Õ	

𝑛+1 =
*/
!

;0
minority	carrier	concentration	in	C	

	
	

NPN	

	
𝐼û = 𝐼EN + 𝐼ûû − 𝐼E> = 𝐼EN + (𝐼RN − 𝐼R>) − 𝐼E> 	

	

DRIFT	AIDED	TRANSISTOR	 	
Carrier	transport	can	be	aided	by	introducing	an	E-Field	in	the	
base	layer	by	grading	the	base	doping.	
	

The	first	solution	can	be	
achieved	by	having	a	
different	doping	profile	
through	the	base.	
	
The	second	solution	is	
achieved	by	reducing	the	
bandgap	across	the	base,	by	
incorporating	e.g.	some	
germanium	atoms	(smaller	
bandgap)	in	silicon	 	

	
Drift/diffusion	current	density:	



𝐽R = 𝑞𝐷R
𝑑𝑛
𝑑𝑥

+ 𝑞𝑛𝜇R𝐸 = 𝑞𝐷R Ô
𝑑𝑛
𝑑𝑥

+
𝑛𝐸
𝑘𝑇 𝑞⁄

Õ	
	

Electron	density	with	an	E-field	(NPN)	

𝑛(𝑥) = −
𝐽R𝑊û

𝑞𝐷R
1 − expN−𝜂(1 − 𝑥 𝑊û⁄ )R

𝜂
	

	

where:	 accelerating	field	factor		
	 	 𝜂 = å�⋅N

)' *⁄
	

	

	
The	electric	field	helps	to	
reduce	the	electron	density	
near	the	emitter.	This	
reduces	the	stored	charge	
𝑸𝑩	and	therefore	the	base	
transit	time.	

→	 near	the	Emitter	current	is	carried	by	drift	
→	 near	the	Collector	(all)	the	current	is	carried	by	diffusion	

𝑄û = −𝑞 ∫ 𝑛(𝑥)𝑑𝑥å�
- = +2å�

+

z25+
(𝜂 − 1 + 𝑒!5)		

	
Base	Transit	Time	(reduced)	

𝜏û =
𝑄û
𝐽R
=
𝑊û

&

𝐷R
£
𝜂 − 1 + 𝑒!5

𝜂&
§ =
56"𝑊û

&

𝐷R
£
𝜂 − 1
𝜂&

§	
	

without	E-Field	(𝜂 = 0): 𝜏û =
$
&
å�+

z2
	

derived	with	l’Hôpital	rule	for	lim
h→1

𝜏T 	
	
Inverted	E	Field:	
Consider	a	doping	grading	with	𝜂.	If	the	doping	grading	is	
inverted,	we	observe	𝜂9 = −𝜂.	
	

EARLY	EFFECT	(BASE	WIDTH	MODULATION)	 	

	
The	Collector	current	depends	on	𝑉û> .	Increasing	the	
Collector/Base	reverse	bias	widens	the	depletion	region	at	
the	C/B	junction.	The	widening	of	the	depletion	region	leads	
to	a	smaller	base	width	𝑾	and	therefore	the	minority	carrier	
gradient	in	the	Base	is	enhanced	which	lead	to	an	increased	
collector	current	𝑰𝑪.	To	avoid	this	effect,	the	Base	doping	must	
be	higher	than	the	collector	doping	(i.e.	(npn)	𝑁Uû ≫ 𝑁z>)	
𝑑𝐼>
𝑑𝑉N>

=
𝐼>

𝑉U + 𝑉N>
=:

1
𝑅A²C

																	→ high	𝑉U	are	desireable	

To	determine	VA,	determine	2	points	of	the	IV	curve	then:	

𝑉U = 𝐽>$ ∙
𝑉>N,& − 𝑉>N,$
𝐽>& − 𝐽>$

− 𝑉>N,$	
	

Gummel	number:	 𝐺û = 𝑁zû ⋅ 𝑊û	
	

(PNP)	𝐼> = 𝑞𝐴N𝑛<&𝐷Eû ⋅
$
?�
N𝑒*+:�/)' − 1R	

	 ü&
Mü&/M+:&

= V: + Vª; −
*?�

*	M?�/M+�&
= *?�

>�&
= *�>�å�

>�&
					, 𝑞𝐺𝐵 = 𝑄𝐵	

	
Note:	 High	early	voltage	𝑉%	requires	a	high	base	Gummel	number	
	

SSE	AND	POWER	GAIN	 B|8.18	

First	determine	the	operating	point	(𝐼>)	with	large	signal	
circuit.	
Collector	current:	𝐼> = 𝐼v exp n

*+�:
)'

− 1o	

	
Power	Gain	𝑮	

𝐺 =
𝑃A²C
𝑃<R

=
𝐼A²C& 𝑅S
𝐼<R& 𝑅<R

µ"0#≫µo�⎯⎯⎯⎯⎯�𝛽&
𝑅S
𝑅<R

= 𝛽&
𝑅S𝑞𝐼û
𝑘𝑇

 

Transconductance 

𝑔2 =
𝜕𝐼>
𝜕𝑉Nû

=
𝐼>

𝑘𝑇 𝑞⁄
 

1
𝑅A²C

=
𝑑𝐼>
𝑑𝑉N>

	 

𝑅<R ≈
𝐼>

𝛽(𝑘𝑇 𝑞⁄ ) 

	
It	is	desirable	that	the	Output	Resistance	𝑅A²C	is	as	large	as	
possible,	such	that	the	Device	act	like	an	Ideal	Current	Source,	
i.e.	be	able	to	feed	a	constant	current	to	the	load	regardless	of	
the	load	resistance.	For	𝑅A²C → ∞	the	Early	Voltage	acts	as	𝑉U →
∞	and	therefore	the	Early	Effect	is	negligible.	
If	we	cannot	neglect	the	Early	Effect,	or	𝑅A²C	is	finite,	then:	

𝐺U =
𝑃A²C
𝑃<R

=
𝐼A²C& 𝑅S
𝐼<R& 𝑅<R

=
(𝛽𝐼<R)&

𝐼<R&
£

𝑅A²C
𝑅A²C + 𝑅S

§
& 𝑅S
𝑅<R

= 𝛽& ∙
𝑅S
𝑅<R

ñ
µ"0#
µS

µ"0#
µo

+ 1
ò = 𝛽& ∙

𝑅S
𝑅<R

´
[𝑉U + 𝑉>N] 𝐼>𝑅S⁄

[𝑉U + 𝑉>N] 𝐼>𝑅S⁄ + 1
µ
&

	

	

Here,	we	face	a	trade-off:	high	Power	Gain	requires	high	Early	voltage,	
high	Early	voltage	requires	high	Gummel		Number.	But	a	high	Gummel	
number		reduces	the	Current	Gain.		
Waisted	power:	𝑃� = (𝑉F� ∙ 𝐼F) − 𝑃��S	
Intrinsic	voltage	gain:	𝐴N = 𝑔� ∙ 𝑅��S =

NB
vw i⁄

	
	

BJT	BANDWIDTH	 	

	

𝑰𝑪 = 𝒈𝒎𝒗𝒃𝒆	
𝑰𝒃 =

𝒗𝒃𝒆
𝒁𝝅

	

	
Input	Impedance:	
𝒁𝝅 = 𝒓𝝅|| (𝑪𝒃𝒆 + 𝑪𝒃𝒄)���������

≔𝑪𝝅

		

	
	

The	Common	Emitter	current	gain	cut-off	frequency	𝑓'-	
represents	the	frequency	at	which	the	current	gain= 𝟏	with	a	
short-circuit	load	(𝑅S = 0).	
	

𝛽(𝜔) =
𝐼>
𝐼û
=

𝑔0𝑟w
1 + 𝑗𝜔𝑟w𝐶w

=
𝛽-

1 + 𝑗𝜔𝑟w𝐶w
=

𝛽-
1 + 𝑗N𝑓 𝑓�⁄ R

	

This	is	a	lowpass	RC	filter	

with:	𝛽(0) = 𝛽- = 𝑔0𝑟w												𝑓� =
$

&w	>7V7
	

	

We	determine	|𝜷(𝝎)| =! 𝟏			 ⇒	 𝑓'- = 𝛽-𝑓� =
𝑔0
2𝜋𝐶w

	 	
	

	
Note: 𝛼(𝜔) = ü&

ü:
= �(A)

$n�(A)
= /?

$nQ(Z Z�⁄ ) 

with: 𝛼- = 𝛽- (𝛽- + 1)⁄ 	 𝑓/ = (𝛽- + 1)𝑓�	
	 𝑓� = (1 − 𝛼-)𝑓/ = 𝑓' 𝛽-⁄ 	

	
	
additional	delay	terms	 	

Previously	we	assumed	that	the	collector	current	is	an	
instantaneous	function	of	𝑉ûN 	.	But	in	fact,	the	Minority	
Carriers	must	diffuse	across	the	base.	This	causes	a	Time	
Delay	called	the	Base	Transit	Time	𝝉𝑩.	Additionally	they	
must	travers	the	depletion	region,	which	adds	a	
Collector	Signal	Delay	𝝉𝑪.	The	time	delays	are	
incorporated	through	the	exp	function	since	in	Laplace	
domain,	time	delay	T	is	𝑒!@'.	
	
𝛼(𝜔) = /?

$nQ(Z Z�⁄ ) ⋅ 𝑒!QA����
zLYWÚ	'LV0

	 Note:	𝑒jkl ≈ "
"mjkl 					 , 𝑖𝑓	𝜔 ≪ 1/𝜏	

⇒ 𝛼(𝜔) =
𝛼-

1 + 𝑗𝑓 n $Z� +
$
Z�
o
=

𝛼-
1 + 𝑗𝑓 n $

Z��
o
	

	
the	new	alpha	Cut-off	Frequency	is:	
1
𝑓/�

=
1
𝑓/
+
1
𝑓�
=
1
𝑓/
+

1
2𝜋𝜏

									 , 𝑓/RL* = 𝑓/�	

	
Cut-off	Frequency	
The	cut-off	frequency	𝑓'	(|𝛽(𝑓9| ≡ 1)	is	given	as:	
	

	
𝑓' = m𝛽-& − 1 ⋅ 𝑓�� ≅ 𝛼-𝑓/� =

1
2𝜋𝜏'

	
	

where	we	used:	𝑓/� = (𝛽- + 1)𝑓��		= 𝑓' 𝛼-⁄ 				and					𝛽-& ≫ 1	
	 𝑓�� = (1 − 𝛼-)𝑓/� = 𝑓' 𝛽-⁄ 	
	
Total	transit	time	𝜏' =

>7
T-
+ 𝜏û + 𝜏> +⋯		

	

Delay	Times	 	
	

Fundamental	Transistor	Delay	 𝐶w 𝑔0⁄ 	
Base	Transit	Time	(ideal)	 𝜏û = 𝑄û 𝐽>⁄ = 	𝑊û

& 2𝐷R⁄ 	
Collector	Signal	Delay	 𝜏> = 𝑊> 2𝑣vWC⁄ 	
Emitter	Charging	Time	 𝐶ûN(𝑅N + 𝑅> + 𝑟w)	
Collector	Charging	Time	 𝐶û>(𝑅>)	

	
REAL	BASE	TRANSIT	TIME	
In	reality,	the	velocity	at	
which	electrons	can	leave	
the	base	and	enter	the	
collector	is	limited	by	the	
thermal	velocity	𝑣C(.	The	
collector	current	density	at	
the	B/C	boundary	is	given	
as:		

𝐽> = 𝑞 ⋅ 𝑛(𝑊û) ⋅ 𝑣C(	 	
	

First	we	determine	another	expression	for	𝐽>:	

𝐽> = 𝑞𝐷R
𝑑𝑛
𝑑𝑥

= 𝑞𝐷R
[𝑛(0) − 𝑛(𝑊û)]

𝑊û
	

	

The	new	base	transit	time	𝜏û9 	is	defined	as	the	total	minority	
charge	𝑄û	divided	by	𝐽> 	
	

total	minority	charge:	𝑄û = n𝑛(𝑊û) ⋅ 𝑊û +
å�
&
[𝑛(0) − 𝑛(𝑊û)]o 𝑞	

	
	

τ�� =
𝑄�
𝐽F
=
𝑞 ⋅ 𝑛(𝑊�) ⋅ 𝑊�

𝐽F
+
1
2
𝑞 ⋅ 𝑊�[𝑛(0) − 𝑛(𝑊�)]

𝐽F
	

we	use	both	definitions	of	𝐽3	and	we	get:	
	

τ�� =
𝑞 ⋅ 𝑛(𝑊�) ⋅ 𝑊�

𝑞 ⋅ 𝑛(𝑊�) ⋅ 𝑣SK
+
1
2
𝑞 ⋅𝑊�[𝑛(0) − 𝑛(𝑊�)]

𝑞 ⋅ 𝐷L
[L(Y)[L(Zn)]

Zn

	

	

	
τû9 =

𝑊û

𝑣C(
+
1
2
𝑊û

&

𝐷R
=
𝑊û

𝑣C(
+ 𝜏û,<MLWY 	

	

	

Therefore	the	real	transit	time	𝜏û9 > 𝜏û,<MLWY	because	more	
carriers	can	be	stored	and	the	slope	isn’t	as	steep	as	before.	
The	same	principle	can	be	applied	when,	for	example,	the	
diffusivity	isn’t	constant	throughout	the	base.	Then		
	
Power	Gain	Cut-off	Frequency	𝒇𝒎𝒂𝒙	 	
	

Power	Gain:	𝐺E =
$
Z+
⋅ Z<
Kwµ�>�&

	
	
The	power	cut-off	frequency	𝑓0WB	is	defined	where	𝐺E = 1	

𝑓0WB = É
𝑓'

8𝜋𝑅û𝐶û>
	

	
Conclusion:	
Fast	means	high	frequencies,	therefore	we	want	to	increase	𝑓'	
which	corresponds	to	decreasing	the	delay	terms	and	therefore	
we	need	high	collector	current	levels	to	be	fast!	But	we	know	
that	high	collector	currents	mean	high	current	gain	and	this	
leads	to	a	high	power	dissipation.	So	high-speed	bipolar	
integrated	circuits	have	high	power	dissipation.	
	

HBT	|	HETEROJUNCTION	BIPOLAR	TRANSISTOR	 	
Different	materials	are	used	in	the	Base	and	Emitter,	therefore	
different	intrinsic	carrier	concentrations.	
𝛽Fû'	 =

z!�
z2:

S2:
å

RQ�
+ �>�⁄
RQ:
+ �@:⁄ = 𝛽û+' ⋅

RQ�
+

RQ:
+ 									with:

E2�?
R!:?

	

	 =	𝛽û+' ⋅
(�&��(�)
(�&:�(%)�����
𝑛𝑒𝑔𝑙𝑖𝑔𝑖𝑏𝑙𝑒

LB:P� ;<⁄

LB:P: ;<⁄ = 𝛽û+' ⋅ 𝑒(NP:!NP�) )'⁄ 	

	 ⇒	Gain	through	different	band	gaps	
	

To	achieve	a	high	𝛽	we	want	to	have	𝑛<û > 𝑛<N 	what	
corresponds	to	an	higher	bandgap	in	the	emitter	region.	
	 	

GUMMEL	CHARACTERISTICS	 	

	

	
The	Gummel	plot	reflects	the	
quality	of	the	emitter-base	
junction,	while	𝑽𝑩𝑪	is	kept	
constant	(𝑽𝑩𝑬 = 𝟎)	.	We	can	read	off	
the	plot	the	common-emitter	
current	gain	𝜷,	the	common-base	
current	𝜶.	

	 	



FET	 	

Field	effect	transistors	(FET)	are	a	type	of	transistors	where	
the	conductivity	of	a	majority	carrier	channel	between	two	
contacts	(source	and	drain)	is	modulated	by	a	gate	electrode.	

JFET	

	
The	depletion	of	reverse-biased	PN	junctions	narrows	the	
channel	(pinches	the	channel)	and	modulates	current	flowing	
between	the	source	and	drain.	Low	input	gate	current.	
Normally-ON	devices.	

MOSFET	
MOSFET=Metal	Oxide	Semiconductor	Field	Effect	Transistor	
	

MOSFET’s	are	majority	carrier	devices!	Therefore	electrical	
current	in	an	N-Channel	transistor	is	carried	by	electrons,	
whereas	in	an	P-Channel	transistor	the	current	is	carried	by	
holes.	
NMOS	&	PMOS	have	different	Gate	Lengths	due	to	different	mobility	of	electrons	&	holes.	
The	NMOS/PMOS	pair	is	designed	so	that	their	speed	match	each	other.		
MOSFETS	require	less	space	than	BJTs.	
	

Two	varieties	of	MOSFET’s:	
i. a	channel	is	present	at	equilibrium		

→	Normally-On	⇔	Depletion-Mode	
ii. no	channel	is	present	at	equilibrium	

→	Normally-Off	⇔	Enhancement-Mode	
	

	
	

Sheet	Resistance	 	
Consider	a	uniform	quadratic	layer	with	a	resistivity	𝜌,	a	
thickness	𝑋	and	width/length	both	= 𝐿.		
The	Sheet	Resistance	is	independent	of	L	and	defined	as:	

𝑅v[Ω/𝑠𝑞𝑢𝑎𝑟𝑒] =
ρL
A
=
ρL
XL

=
𝜌[Ω𝑚]
𝑋[𝑚]

	

	
Operating	Principle	(E-Mode,	N-Channel)	 	
The	vertical	field	𝑉?v	applied	through	an	oxide	insulator	
modulates	the	carrier	density	in	the	channel	and	thus	its	
conductivity.	First	let	𝑉zv	be	quite	small.		

	

low	𝑉$r	
Channel	Charge	Density:		
𝑄R = −qnX = − *RØ

µ�
= − *R

*RH2µ�
= − $

H2µ�
		

	

The	gate	and	oxide	work	as	a	simple	capacitor:		
𝑄R = −𝐶IJ(𝑉?v − 𝑉')	

	

Sheet	Resistance:	

𝑅v =
1

𝜇R𝐶IJ(𝑉?v − 𝑉')
	

	

	

	

𝑉zv	increases	
→	channel	Voltage	𝑉(𝑦)	
					vary	from	0	@	Source	
					to	𝑉zv	@	Drain	(𝑦 = 𝐿)	
→	Sheet	Resistance	will		
					vary	across	the		
					channel	

	
Resistance	of	channel	element		(Length	𝑑𝑦,	Width	𝑍	at	Position	𝑦):	

⇒ 𝑑𝑅 =
𝑑𝑦
𝑍
𝑅v(𝑦) =

dy
𝑍𝜇R𝐶IJN𝑉?v − 𝑉' − 𝑉(𝑦)R

	

		
The	current	is	therefore:	

𝐼>F =
𝑑𝑉
𝑑𝑅
		

𝐼>F = Æ 𝐼>F𝑑𝑦 =
S

-
𝑍𝜇R𝐶IJÆ 𝑉?v − 𝑉' − 𝑉(𝑦)𝑑𝑉

+>�

-
	

𝐼>F = 𝐼z =
𝜇R𝐶IJ
2

𝑍
𝐿
[2(𝑉?v − 𝑉')𝑉zv − 𝑉zv& ]		

	

	

This	equation	defines	inverted	parabolas:	

	
	

	
Note	that	the	Depletion	region	widens	at	the	Drain	side.	
Channel	length	modulation	will	make	𝐼$	slightly	increase	in	the	saturation	region	
(instead	of	being	constant).	
In	the	saturation	regime,	we	define:	
Transconductance:	 Material	Constant:	
𝑔0 = Mü>.,#

M+P�
= 2𝐾(𝑉?v − 𝑉')	 𝐾 =

H2&��
&

N
S
	

Note:	
	-	𝑔-	varies	linearly	with	𝑉sr	whereas	𝑔-	depends	exponentially	on	𝑉T5	in	a	BJT	
	-	NMOS	devices	show	higher	𝑔-	since	they	rely	on	electron	mobility	rather	than	
PMOS,	which	rely	on	hole	mobility			𝜇* > 𝜇+	

Q:	Why	does	current	still	flow,	though	the	channel	
completely	disappear	in	the	saturation	regime?	
A:	If	we	argue	per	contradiction:	having	no	current	means	
constant	carrier	density	across	the	channel,	but	this	would	
mean	constant	channel	width.	Contradiction	with	original	
assumption.	Physically,	the	pinched	off	region	has	a	
longitudinal	electric	field	that	goes	to	infinity,	this	supports	
a	drift	current	even	though	the	carrier	(e-)	density	is	
vanishing.	

MOSCAP	
To	analyse	the	MOSFET,	we	first	
have	a	look	at	the	MOS-Capacitor,	
which	illustrates	the	operation	
principle	between	the	gate	and	the	
channel.	
MOSCAP	is	a	MOS	structure	
consisting	of	an	oxide	between	
metal	and	semiconductor.	
	 	

BAND	DIAGRAM	 	

	
Vacuum	Level:	 reference	energy	level	𝐸-	[𝑒𝑉]	
Work	function	𝝓:	 energy	difference	from	Fermi-level	to	
	 𝐸-[𝑉]	
	 	 Metal:	 𝑞𝜙0 = 𝐸- − 𝐸.0[eV]	
	 	 SC:	 𝑞𝜙v = 𝐸- − 𝐸.@[eV]	
Electron	affinity	𝝌:	 𝑞𝜒 = 𝐸- − 𝐸> 	[𝑒𝑉]	
bulk	potential	𝝍𝑩:	 energy	difference	between	Fermi-level	
	 and	intrinsic	Fermi-level	[𝑉]	i.e.		
	 𝜓¯ = (𝐸< − 𝐸.)/𝑞	
	 	

𝜓û = .

!)'
*
ln n�>

RQ
o < 0

n)'
* ln n�@RQ

o > 0
			
NType

PType
		

surface	potential	𝝍𝑺:	energy	difference	between	bulk	
	 potential	and	intrinsic	Fermi-level	@	the	
	 oxide	interface	(𝜓(0) = 𝜓v)	[𝑉]	
	
Note:	Conversion	energy	difference	⟷	voltage	
𝐸W − 𝐸¯[𝑒𝑉] 		⟹ 	 N,!N1

*
	 [𝑉]	 |	 𝑞𝜙[𝑒𝑉] 		⟹ 		𝜙[𝑉]	

FLATBAND	VOLTAGE	
Under	equilibrium	the	Fermi-Level	must	again	be	constant	
(flat)	through	the	whole	structure	(zero	current	flow).	At	
equilibrium,	𝐸> , 𝐸+	will	usually	be	bent	(Shockley	boundary	
condition).	
	

	
We	define	the	Flatband	Voltage	𝑽𝑭𝑩	as	the	Gate	Voltage	𝑉? 	
that	makes	the	bands	flat.	If	there	is	no	charge	at	the	oxide-
semiconductor	interface,	this	is	equivalent	to	the	difference	
of	the	workfunctions.	
𝜙@ = 𝜒@ + 𝐸T 2𝑞⁄ + 𝜓û = 𝜒@ + (𝐸> − 𝐸.)/𝑞
= 𝜒@ − 𝑘𝑇/𝑞 ⋅ ln	(𝑛-/𝑁/)	
	
𝜙0@ = (𝜙0 − 𝜙@)	
	

𝑽𝑭𝑩 = 𝛟𝐦𝐬 −
1
𝜀@
' 𝑥𝜌(𝑥)𝑑𝑥
M

-
= 𝝓𝒎𝒔 −

𝑸𝒇

𝑪𝒐𝒙
											 [V] 

Last	term	usually	irrelevant	
𝜌 ≔	Charge	Density	
The	second	term	is	if	there	are	only	fixed	Charge	𝑄�[𝐶 𝑐𝑚J⁄ ](12.25)	
Remember:	 𝐸= > 𝐸( →	P-Type	 𝐸= < 𝐸( →N-Type	
	

	

	
Channel	Modulation	by	𝑽𝑮	 	

	



	
𝑝@ ≔	hole	concentration	@	surface		𝑛@ ≔	electron	
concentration	@	surface	
	

Condition	of	Interest:	

z
𝜓@ = 0					
𝜓@ = 𝜓û		
𝜓@ ≥ 2𝜓û

Flatband	Condition				
Midgap, 𝑝@ = 𝑛@ = 𝑛<
Strong	inversion								

		⇒ intrinsic	MOS	Capacitor	

	

Because	we	need	a	standard	non-ambiguous	criterion	for	
inversion	we	define	inversion	as:	

𝝍𝒔(𝒊𝒏𝒗) = 𝟐 ⋅𝝍𝑩	
	

The	Fermi-level	𝐸.	stays	flat	perpendicular	to	the	surface	
because	there	is	no	current	flow	through	the	oxide.	

	

P-type	substrate	bends	down	at	inversion	(more	electrons	than	
holes	at	the	oxide	interface).	So	𝑉? = 𝑉' > 0	because	it	needs	to	
attract	electrons	and	repel	holes	at	the	oxide	interface.	
N-type	substrate	bends	up	at	inversion	(more	holes	than	
electrons	at	the	oxide	interface).	This	means	𝑉' < 0	because	it	
needs	to	attract	electrons	and	repel	holes.	
	
Surface	Potential	 	

	
We	define	the	Electrostatic	Potential	𝝍	such	that	it	is	zero	
in	the	bulk.	
	

Carrier	Densities:		
P-Type:	 𝑝E = 𝑛<𝑒(NQ!N=) )'⁄ 		= 			 𝑛<𝑒(S�!S) )'⁄ 	

𝑛E = 𝑛<𝑒(N=!NQ) )'⁄ 		= 			 𝑛<𝑒(S!S�) )'⁄ 	
𝑝E ⋅ 𝑛E = 𝑛<&	
	

N-Type:	 𝑝R = 𝑛<𝑒(N=!NQ) )'⁄ 		= 			 𝑛<𝑒(S!S�) )'⁄ 	
𝑛R = 𝑛<𝑒(NQ!N=) )'⁄ 		= 			 𝑛<𝑒(S�!S) )'⁄ 	
𝑝R ⋅ 𝑛R = 𝑛<&	

	𝜓	dependant	on	𝑥 → 𝜓(𝑥)	
	

Electrostatic	Potential:	

𝜓(𝑥) = 𝜓@ n1 −
𝑥
𝑊
o
&
=
𝑞𝑁U
2𝜀v

(𝑊 − 𝑥)&				0 ≤ 𝑥 ≤ 𝑊	
	

where:	𝜓v = 𝜓(0) = *�@å+

&Ù.
		 [𝑉]	

	

Inversion:	
The	surface	region	is	inverted	once	we	have	more	electrons	
than	holes.	We	define	this	electron	concentration	as:	
𝑛@ = 𝑁U = 𝑛<𝑒*S� )'⁄ 	⇒		𝜓v(𝑖𝑛𝑣) = 2𝜓û =

&)'
*
ln n�@

R<
o	

	
Depletion	region:	

𝑊 = É
2𝜀@𝜓@
𝑞𝑁U

= 2É
𝜖@𝑘𝑇𝑙𝑛(𝑁U 𝑛<⁄ )

𝑞&𝑁U
	 	

	

The	surface	depletion	stops	expanding	when	inversion	is	
reached	and	the	maximum	depletion	region	is	computed	as:	

𝑊0 = 𝑊0WB = 2mÙ.S�*�@
						with	𝜓@ = 2𝜓û	

	
	
Threshold	Voltage	 	
We	define	the	threshold	voltage	for	ideal	MOS	as	the	
voltage	where	inversion	starts.	

𝑉',<MLWY =
𝑞𝑁U𝑊0
𝐶AB�����

+AYCWTL	W//VA@
IB<ML

+ 𝜓(𝑖𝑛𝑣) =
®2𝑞𝜀@𝑁U(2𝜓û)

𝐶AB
+ 2𝜓û 	

	

	

For	non-ideal	MOS	the	threshold	voltage	is	modiefied	by	
the	workfunction	difference	𝜙0@	and	oxide	charges	(S12a2)	

𝑉' =
®2𝑞𝜀@𝑁U(2𝜓û)

𝐶AB
+ 2𝜓û���������������

+<,Q)%,�

+ 𝜙0@ −
𝑄Z
𝐶AB�������

+=�

	

where:	𝐶�\ = 𝜀�\/𝑑	&	𝑄� ≔	fixed	Charge	
	
Gate	Voltage	 	

	
	

Potential	Drop	across	Oxide	Layer:	
From	the	continuity	@	the	interface	it	must	hold	𝜀5$𝐸5$ = 𝜀6𝐸6 	

𝑉AB = 𝑑 ⋅ 𝐸AB = 𝑑 ⋅
𝜀@
𝜀AB

𝐸@ =
𝜀@
𝐶AB

𝐸@ =	
®2𝑞𝜀@𝑁U𝜓v

𝐶AB
		[𝑉]	

𝐶AB =
𝜀AB
𝑑
=
𝜀-𝜀(v<I+)

𝑑
			Ô

𝐹
𝑐𝑚&Õ		

	

Surface	Electric	Field	in	SC:	
𝐸@ = 𝐸(0) =

𝜀AB
𝜀@

⋅ 𝐸AB	

𝐸@ = m&*�@
Ù�

𝜓v =
*�@
Ù.
𝑊	°+

0
±		

If	there	is	depletion	inside	the	gate,	then	
all	of	the	above	can	be	replicated.	
	

	
Gate	Voltage:	

𝐺𝑎𝑡𝑒	𝑉𝑜𝑙𝑡𝑎𝑔𝑒���������
	𝑉𝐺		

= 𝑃𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙	𝑑𝑟𝑜𝑝	(𝑜𝑣𝑒𝑟	𝑆𝐶�����
𝜓𝑆			

+ 𝑎𝑐𝑐𝑟𝑜𝑠	𝑂𝑥𝑖𝑑𝑒���������
𝑉𝑜𝑥

)	

			
	 𝑽𝑮,𝒊𝒅𝒆𝒂𝒍 = 𝝍𝒔 + 𝑽𝒐𝒙	 	

	

For	non	ideal	MOS:	𝑉? = 𝑉?,<MLWY + 𝑉.û	
	
Capacitance	vs.	Frequency	 	
	

Capacitance	𝐶 = 𝑄/𝑉	
	

Capacitance	in		
-	Accumulation	𝐶- = 𝐶AB =

Ù"n
M
	· (
,-!¸	

-	Depletion	𝐶Q =
Ù.

å-,n
	

	

Total	Capacitance:	
C=𝐶- ∥ 𝐶Q =

>?>£
>?n>£

= Ù"n
Mn(Ù"n Ù.⁄ )å

	
	
	

	
Various	Oxide	Charges→	they	
shift	the	threshold	

Accumulation:	
𝑉? < 𝑉.û	

Majority	carriers	respond	to	AC	signal	
at	both	HF	&	LF,	𝑪 = 𝑪𝒐𝒙 = 𝜺𝒐𝒙 𝒕𝒐𝒙⁄ 	

Depletion:	
𝑉.û < 𝑉? < 𝑉'	
	
	
	

Depletion	region	and	oxide	capacitance	
in	series,	𝐶	decreases	with	𝑉? 	due	to	
widening	of	depletion	region.	

𝐶 =
𝜀AB

nÙ"n
Ù.
o 𝑥M + 𝑡AB

	

Inversion:	
𝑉' < 𝑉? 	

At	LF,	minority	carrier	
generation/recomb	occurs	in	response	
to	AC	signal	(𝐶 = 𝐶AB).	At	HF,	the	
minority	carriers	do	not	respond	to	the	
AC	signal.	𝐶	is	constant	due	to	constant	
depletion	region	width	(𝑊 = 𝑊0)	

Deep	
depletion:	

DC	bias	is	swept	so	rapidly	that	
minority	carriers	cannot	respond	and	
therfore	no	inversion	layer	is	formed.	
The	charge	on	the	gate	is	balanced	by	
depletion	of	substrate.	

Measurements	in	comparision	to	generation	lifetime	𝜏t		
For	a	p-type	substrate	we	do	a	𝑉? 	sweep	(from	low	to	high)	
at	different	speeds	(frequencies):	(For	n-type	substrate	we	
go	from	high	𝑉? 	to	low,	see	s12a1)	

	

	
Deep	depletion	is	just	a	very	fast	sweep,	what	happens	is	that	the	depletion	width	
continues	to	grow	with	higher	𝑉s	so	𝐶D =

u3
v3
	will	become	smaller	and	smaller.	

𝐶D 	is	a	series	resistance	created	by	the	absence	of	charges	(depletion)	near	the	oxide	
interface.	

SUBTHRESHOLD	RÉGIME	 	
We	consider	a	MOSFET	operating	with	a	very	weakly	inverted	
surface	i.e.	not	completely	ON	(𝑉? < 𝑉').	This	is	called	the	
subthreshold	regime.	
From	Source	to	the	Drain,	the	𝑛𝑝𝑛	/	𝑝𝑛𝑝	regions	acts	as	a	BJT.	
The	current	will	be	dominated	by	diffusion.	
	
Carrier	densities	at	Source/Drain	side:	
𝑛(0) = 𝑛<𝑒*(S.!S�) )'⁄ 												𝑛(𝐿) = 𝑛<𝑒*(S.!S�!+>) )'⁄ 	
	
With	𝜓@ ≈ (𝑉? − 𝑉')	we	find:	

𝐼z = −𝑞𝐴 ⋅ 𝐷R
𝑑𝑛
𝑑𝑦

≅ 𝑞𝐴𝐷R
𝑛(0) − 𝑛(𝐿)

𝐿
	

	 ≈ *Uz2RQLB9¤� ;<⁄

S���������
W

𝑒*S� )'⁄ = 𝜅 ⋅ 𝑒*(+P!+<) )'⁄ 	

	

Subthreshold	Swing	
The	Subthreshold	Swing		𝑆	measures	how	efficiently	the	device	
can	be	turned	on	and	off.	𝑆	is	typically	about	70 − 110𝑚𝑉 𝐷𝑒𝑐𝑎𝑑𝑒⁄ 	

𝑆 =
1

�(X¨Y3?(ü>))
�+P

=
Δ𝑉?

log$- 𝐼z|+P¦+< − log$- 𝐼z|+P¦-		
		

	

Subthreshold	Leakage	Current	
The	subthreshold	leakage	current	𝐼z|+?¦-	can	be	derived	from	
the	subthreshold	Swing	with	Δ𝑉T = 𝑉'	

log 𝐼z|+P¦- = log 𝐼z|+P¦+< −
𝑉'
𝑆
	

	

CURRENT	SATURATION	 		
Channel	Pinch-Off	
	

The	saturation	current	is	given	as:	

𝐼z@WC =
𝜇R𝐶IJ
2

𝑍
𝐿
[(𝑉?v − 𝑉')&]	

	

	

Increasing	the	drain	voltage	beyond	𝑉z@WC	causes	the	
channel	pinch-off	point	to	move	towards	the	source.	
Therefore	the	effective	channel	length	is	reduced	to		
(𝐿 − Δ𝐿),	thus	the	current	increases:		
as	seen	from	the	FET	square	law	

𝐼z =
𝜇R𝐶IJ
2

𝑍
𝐿 − Δ𝐿

[(𝑉?v − 𝑉')&]	
	

with	𝐿 − Δ𝐿 = 𝐿(1 − 𝜆𝑉$)	&	𝐾 =
w4"56
Z

x
y	

	

The	I-V	Characteristic	becomes	Drain	Biased:	

𝐼z =
𝐾
2
(𝑉? − 𝑉')&(1 + 𝜆𝑉z)																					𝜆 =

1
𝐸-	𝐿

	

	

	
	

	



CUT-OFF	FREQUENCY	 	

	
𝐼M = 𝑔0 ⋅ 𝑣T@	 𝐼T =

­x.
$ QA�>x.n>x)�⁄ 	 𝐴(𝜔) = T-

QA�>x.n>x)�
	

	

For	low	Gate	Voltages	𝑉? ,	the	capacitances	from	Gate	to	Drain	
and	Gate	to	Source	are	almost	the	same	(𝐶T@ = 𝐶TM).	When	𝑽𝑫	
increases,	the	channel	pinches-off	near	the	Drain	ant	therefore	
𝑪𝒈𝒅	drops.	
	
Cut-Off	Frequency:	(𝑨(𝝎) ≡ 𝟏)	

𝑓' =
𝑔0

2𝜋N𝐶T@ + 𝐶TMR
=
3
4
𝜇R
𝜋
(𝑉?v − 𝑉')

𝐿&
			

	

where	we	used:	

𝑔0 = 2𝐾(𝑉?v − 𝑉')			&			𝐾 =
𝜇R𝐶AB
2

𝑍
𝐿
	

SHORT	CHANNEL	EFFECTS	 	
Threshold	Voltage	Shift	 	
Reducing	the	channel	length	increases	the	
transconductance		𝑔0,	the	speed	and	device	density.	This	
downscaling	leads	to	so	called	short	channel	effects.	
	

Charge	sharing:	
A	part	of	the	region	below	the	gate	is	depleted	by	the	
Source	and	Drain	pn-junction	depletion	regions.	The	Gate	
voltage	𝑽𝑮	needed	for	inversion	(threshold	voltage	
𝑽𝑻)	thus	decreases	since	the	Gate	must	deplete	less	
material	to	achieve	inversion.	
For	short	channel	length,	the	subthreshold	swing	degrades.	

Δ𝑉' = −
𝑞𝑁U𝑊0𝑟Q
𝐶-𝐿	

ñÉ1 +
2𝑊0
𝑟Q

− 1ò	

𝑟j ≔	Junction	Depth	[𝜇𝑚]	 𝑑 ≔	Oxide	thickness	^Å`	 𝑊- ≔max	depletion	width	
	

𝑉? =
®2𝑞𝜀@𝑁U(2𝜓û)

𝐶-
+ 2𝜓û���������������

+<,Q)%,�

+ 𝜙0@ −
𝑞𝑄Z
𝐶AB�������

+=�

	

	

	
	
We	define	de	minimal	channel	length	for	long	channel	
behavior	as:	

𝐿0<R ≥ 0.4 ⋅ =𝑟Q𝑑(𝑊v +𝑊z)&>
$ "⁄ 	

𝑊r,$ ≔	S/D	Depletion	Depths	[𝜇𝑚]	
Note:	 Thin	Oxide	𝑑	reduces	the	shift,	whereas	short	Gate	lengths	and	Deep	
	 Junctions	increses	the	𝑉9	shift.	

	
	

DIBL	(Drain-induced	barrier	lowering):	
For	short	gate	length	𝑉'	decreases	with	increasing	𝑉zv	due	
to	a	reduction	of	the	potential	barrier	below	the	Gate.	

	

CMOS	INVERTER	 		

	
	

The	standby	power	dissipation	is	ideally	assumed	to	be	Zero,	
because	no	DC	current	flows	through	M1	&	M2.	
	
Digital	Switching	Performance	 	

	
As	𝑣ü	goes	High	the	PMOS	
turns	off	whereas	the	NMOS	
switches	ON	to	discharge	the	
load	𝐶	down	to	logic	level	
𝐺𝑁𝐷	

As	𝑣ü	goes	LOW	the	NMOS	
turns	off	whereas	the	
PMOS	switches	ON	to	
charge	the	load	𝐶	up	to	
logic	level	𝑉zz	

	

Propagation	Delay	
We	define	the	Propagation	Delay	as	the	time	𝑡aFS	that’s	
needed	reach	𝑉zz/2	from	High.					
𝑡aFS =

K
D

>o
b2+>>

		
	
where	we	used	the		
	-	Proportionality	Constant	𝐾L =

FH¥)¦)
])

	

	-	Lowes	possible	load	Capacitance	𝐶] = 𝐶m)𝐿L𝑍L + 𝐿O𝑍O*	
	

for	𝐿R = 𝐿E&	𝑍R = 𝑍E:	

𝑡aFS ≈ 2
𝐿R&

𝑉zz𝜇R
∝

1
𝑓'𝑉zz

	
	

⇒	High	Cutoff	Frequency	=	Fast	Digital	Switching.	
⇒	shorter	Gates	=	higher	performance	
	

The	Propagation	delay	from	Low	to	𝑉zz 2⁄ 	is	defined	as	
the	time	𝑡aSF	and	derived	almost	the	same	way	but	with	
the	PMOS	and	will	thus	depend	on	𝜇E .	

	

This	delay	values	are	optimistic	and	represent	the	lowes	values	reachable	
because	we	neglectet	several	capacitances.	

	
Improving	Digital	Switching	Speed:	
-	Reduce	𝐶S 	
-	increase	the	𝑊 𝐿⁄ 	ration	of	transistors	
-	increase	𝑉zz	

	
Ring	Oscillator	 	

	

5	Stage	Ring	
Oscillator	

With	an	odd	number	of	stages	the	circuit	is	unstable	

𝑓µIv> =
1

𝑁(𝑡aFS + 𝑡aSF)
								 , 𝑁 ≔ Stages	

	
Energy	&	Power	Dissipation	per	Switching	Gate	 	
Energy	Dissipation	
	

𝐸a2Iv(SF) = 𝐶SÆ 𝑣	𝑑𝑣
+>>

-
=
𝐶S𝑉zz&

2
	

𝐸�2Iv(FS) =
𝐶S𝑉zz&

2
	

𝐸 = 𝐸�2Iv + 𝐸a2Iv = 𝐶S𝑉zz& 	
	

Power	Dissipation	
𝑃 = 𝛼-→$𝐸𝑓/YA/) + 𝑉zz𝐼SLW)WTL = 𝛼0→1𝐶𝐿𝑉𝐷𝐷

2 𝑓𝑐𝑙𝑜𝑐𝑘 + 𝑉𝐷𝐷𝐼𝐿𝑒𝑎𝑘𝑎𝑔𝑒	
	

𝛼Y→�	 ≔	probability	thate	Gate	switches	in	a	given	clock	period	
𝐼]¨©v©ª¨	 ≔	Leakage	current	from	𝑉��	to	𝐺𝑁𝐷	when	Gate	is	not		 		
	 	 switching	

	
	
	 	



APPENDIX	
Grösseneinheiten	
𝑮	 Giga	 10#	 𝒌	 Kilo	 10�	 𝝁	 Mikro	 10!�	 𝒑	 Piko	 10!"Z	
𝑴	 Mega	 10�	 𝒎	 Milli	 10!�	 𝒏	 Nano	 10!#	 𝒇	 Femto	 10!"�	

	

DRAWING	GRAPHS	
equilibrium		
→	fermi	level	flat	
𝑝(𝑥) = 𝑛<𝑒(NQ(B)!N=) )'⁄ 	
	
	
	
	
	 	

Electrostatic Potential 
𝑉 = − $

*
N𝐸> − 𝐸VLZR	

(electrons)	

𝑉 = − $
*
N𝐸VLZ − 𝐸+R	(holes)	 	

Electric	Field	𝜺	
𝐸K⃗ = − M+

MB
= $

*
MNQ
MB
	= 1

𝑞

𝑑𝐸𝑉
𝑑𝑥

=
1

𝑞

𝑑𝐸𝐶
𝑑𝑥
	

	
direction	derived	from	the	electrostatic	potential:	
	𝜀 − 𝐹𝑖𝑒𝑙𝑑	same	direction	as	holes	
Energy	
𝐸)<R + 𝐸EAC = 𝑐𝑜𝑛𝑠𝑡	
	
potential	energy:	
(electrons)	 𝐸EAC = 𝐸> − 𝐸VLZ	
(holes)	 𝐸EAC = 𝐸VLZ − 𝐸+	 	
carrier	concentration	

𝑝 = 𝑛<𝑒
é
:QB:*%5

;< ê	

𝑛 = 𝑛<𝑒
é
:*%5B:Q

;< ê	
use	a	log-log	scale	 	

Currents	

𝐽R,M<ZZ	 = 𝑞𝐷R
𝑑𝑛(𝑥)
𝑑𝑥

	

𝐽R,MV<ZC = 𝑞	𝑛	𝜇R	𝐸K⃗ 	
	

more	examples	à	Exercise	Set	4.1	
	
ELECTROSTATICS	
PN	Junction		 	 NP	Junction	
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DARLINGTON	PAIR	 B|18			
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JUNCTION	RESISTANCE	OF	A	FORWARD	BIASED	IDEAL	DIODE	

The	junction	resistance	is	defined	as:	𝑟 = �+
�ü
		

→	 ideal	diode	current	with	forward	bias:	

	 𝐼 = 𝐼@ £𝑒
9(=
;< − 1§ ≈ 𝐼@ £𝑒

9(=
;< § ⇒ 𝑉. =

)'
*
ln n ü

ü.
o	

⇒ 	𝑟 =
𝜕𝑉
𝜕𝐼

=
𝑘𝑇
𝑞
1
𝐼
	

	



DIODE	CURRENT	CHRARACTERISTICS	
Bandgap:	
𝑽𝒃𝒊 =

𝒌𝑻
𝒒
𝐥𝐧 8𝑵𝑫𝑵𝑨

𝒏𝒊
𝟐 9	,				𝒏𝒊 = &𝑵𝑽𝑵𝑪𝒆[

𝑬𝒈
𝒌𝑻 	

→	the	larger	the	bandgap,	the	higher	
𝑉lm	to	overcome	to	turn	on	the	diode	
→ 𝑬𝒈𝑿 < 𝑬𝒈𝒀 < 𝑬𝒈𝒁	

	
	
	

Reverse	Current:	 	

𝑰 = 𝑰𝑺 8𝒆±
𝒘𝑽𝑫
𝒌𝑻 ² − 𝟏9 ⇒ 𝑰𝑺 = �

𝒒𝑫𝒏𝒏𝒑𝟎
𝑳𝒏

+
𝒒𝑫𝒑𝒑𝒏𝟎
𝑳𝒑

  = �
𝒒𝑫𝒏𝒏𝒊𝟐

𝑳𝒏𝑵𝑨
+
𝒒𝑫𝒑𝒏𝒊𝟐

𝑳𝒑𝑵𝑫
  

Therefore: the larger the bandgap ⇒ lower 𝑛mJ ⇒ lower 𝐼  
	

	
	

	
	

	
	

	
	

	
	

	
	

EXERCISES	
ISOTYPE	JUNCTION	

	
We	consider	a	junction	where	only	the	doping	level	but	not	the	
doping	type	changes.	
	

For	example	an	acceptor	doping	level	𝑁U$ > 𝑁U&	as	shown	in	
the	figure:	
• The	concentration	gradient	leads	to	diffusion	of	holes	into	
the	lower	doped	side.	

• Negatively	charged	acceptors	stay	on	the	higher	doped,	left	
side.	

• The	charge	carrier	density	on	the	lower	doped	side	is	no	
longer	set	up	by	immobile	dopants,	but	by	holes	which	
diffuse.	

• The	charge	carrier	density	drops	exponentially.	
	

CLICKER	QUESTIONS	
BACK	TO	BACK	DIODE	
If	there	are	two	diodes	back	to	back,	
then	one	of	them	is	always	reverse	
biased	and	the	current	flowing	
through	the	circuit	is	the	reverse	
leakage	current	𝐽v	

	

example:	
Diodes	𝑫𝟏	&	𝑫𝟐	are	reverse	biased	so	
they	can	only	pass	current	𝑰𝒔	
	

𝑫𝟑	is	forward	biased:	
𝑰𝑫𝟑 = 𝑰𝒔 é𝒆V

𝒒𝑽𝑫𝟑
𝒌𝑻 W − 𝟏ê = 𝟐𝑰𝒔	

𝑽𝑫𝟑 =
𝒌𝑻
𝒒 𝐥𝐧(𝟑) = 𝟐𝟖.𝟓𝟔𝒎𝑽		 	

	

ZENER	DIODE	 C|6.3	

If	we	want	to	increase	the	output	
voltage	we	have	to	lower	the	doping	
level.		
	

Because:	
lower	doping	→lower	electrical	field	in	
depletion	region	→	higher	 	
reverse	bias	𝑉}is	needed	to	achieve	a	cerain	electrical	field	

	
IDEALITY	FACTOR	 C|6.4-6.6	

	
lower	=	better	
𝜼 = 𝟏 = 𝐢𝐝𝐞𝐚𝐥	

	
Plot:	lin(𝑉)	vs	log(𝐼)	
	

ex:	
if	I	increase	an	ideal	BJT	(𝜂 = 1)	
by	60𝑚𝑉	→ 𝐼	increases	10x	
	

ex:	
ideality	factor	𝜂 = 2	
corresponds	to	120 0+

ML/
	

	
	

MATHEMATICS	
Dot	product:	
𝑎⃗ ⋅ 𝑏K⃗ = |𝑎⃗| ⋅ Ñ𝑏K⃗ Ñ ⋅ cosN∡=𝑎⃗, 𝑏K⃗ >	R	

∡=𝑎⃗, 𝑏K⃗ > = arcosL
𝑎⃗ ⋅ 𝑏K⃗

|𝑎⃗| ⋅ Ñ𝑏K⃗ Ñ
M		

logarithm	laws:	
• 	logn(𝑃 ⋅ 𝑄) = logn(𝑃) + logn(𝑄)	
• 	logn(𝑃/𝑄) = logn(𝑃) − logn(𝑄)	
• 	logn(𝑃R) = 𝑛 ⋅ logn(𝑃)	
• 	lognN√𝑃

2 R = logn(𝑃) /𝑛	
• − logn(𝑃) = logn(1/𝑃)	
• 		logW(𝑃) =

X¨Yµ(a)
X¨Yµ(W)

	
	
Units	
Frequency	𝜈, 𝑓	 Hertz		 𝐻𝑧	 $

@
		

Pressure	
	

Pascal		 𝑃𝑎	 �
0+ =

)T
0⋅@+

				

Power	𝑃		 Watt		 𝑊	 +
@
= 0+⋅)T

@8
				

Force	𝐹		 Newton		 𝑁	 0⋅)T
@+
			

Energy	𝐸		 Joule	 	𝐽	 𝑁 ⋅ 𝑚 = �S⋅vª
�S

			
Drehmoment	 Newton	Meter	𝑁 ⋅ 𝑚	 0+⋅)T

@+
		

El	Current	𝐼		 Ampere		 𝐴	 1𝐴 = 1𝐶/𝑠		
El.	Resistance	 Ohm		 Ω	 1Ω = 1𝑉/𝐴	
El	Charge	𝑞, 𝑒		 Coulomb		 𝐶	 1𝐶 = 1𝐴 ⋅ 𝑠			
El	Current	density	𝑗	 	 	 1𝐴/𝑚J			
El	Charge	density		𝜌	 	 	 1𝐶/𝑚"		
El	Voltage		 Volt	 𝑉	 𝑉 = 𝑊/𝐴	
El	Field		𝐸	 	 	 1𝑉/𝑚		
Length	 Angstrom	Å	 10[G𝑐𝑚	
Mass	m	 Kilogram		 𝑘𝑔	 𝑁𝑠&

𝑚
=
𝐽𝑠&

𝑚&	
Temperature	T	 Kelvin		 𝐾	 1𝐾 = 1℃ + 273	
Capacitance	 Farad		 𝐹	 𝐴𝑠

𝑉
=

𝐴&𝑠#

𝑘𝑔 ∙ 𝑚&	

	

PERIODIC	TABLE,	ELEMENTS	OF	INTEREST	

	

KIRK	EFFECT	 B|9.2	
For	high	current	levels,	the	charge	of	carriers	travelling	through	the	B/C	
depletion	region	modifies	the	electric	field	profile	in	the	B/C	depletion	region.	
→		 at	the	B/C	junction	the	E-field	drops	and	eventually	becomes	0	
→		 base	widens	⇒	𝜏�	increases	⇒	𝛽	decreases	
	 	 ⇒	lowers	𝑓w	&	𝑓�©\	⇒	lowers	𝑉�		
⇒	 therefore	the	Kirk	Effect	is	also	referred	as	
	 	“Base	Spreading”		 or	 	“Base	Pushout”		

	
	

	
	
For	high	current	levels	the	electron	density	𝑛F	becomes	therefore	comparable	to	
the	donor	density	(npn	BJT)	
→		 electron	density	cannot	be	neglected	in	calculations	of	the	
	 E_field.	

		(Poisson	eqution:)		𝐸(𝑥) = i
h3
(𝑁�F − 𝑛F)𝑥 + 𝐸(0)			, 𝑛F =

·4"
i¸3?@

	
Kirk-Effect	threshold	current	:	
When	the	current	gets	higher	than	𝐽¹,	then	the	Kirk	effect	takes	place	and	it	
result	in	a	field	inversion.	

𝐽¹ = 𝑞𝑣�©S m𝑁�F +
Jh3N2"
iZ"

! n		
The	Kirk	Effect	can	be	reduced	by	making	the	collector	doping	𝑁�F	higher	or	the	
collector	width	𝑊F	smaller.	
If	we	optimize	for	large	𝐽¹	by	increasing	the	collector	doping,	the	Early	Voltage	
decreases	(=worsen)	although!	


