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(b) Consider the scalar conservation law

(;lyu+ 2fu)=0
1 forz <O,
u(x,O)f{ 3 for z > 0.
with f(u) = $ub.

(i) Determine the characteristics inside the regions

{z <y} and  {z > 9y}

(ii) Verify that the following are weak solutions:

1 for z < Iy
3 b
2 for Ty < z < 4y, 1 1/2 forz <y,
(z,y) = 1/2 : uy(z,y) = (9)/ fory <z <9
’ (5) for 4y < z < 9y, o 3" for Y g Y,
3 for z > 9y, orz > Y.

(iii) Which of the solutions in part (ii) satisfy the Lax entropy condition? Justify
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EXQTCLEQ— Q LEV 4.6 Qo1 COU(‘)Q_B

Find a weak solution to the following Cauchy problem with a single discontinuity. Do
that by applying the Rankine-Hugoniot condition.

uy +utu, =0 fory>0,z€R,
u(z,0) =3 if z <0,
u(z,0) =1 ifz > 0.

@exc&ae, 3. (Ban S?fu\% QA0LE)

(b)

(i) Let u : R x [0,00) — R be a continuously differentiable function solving the
conservation law

d 0

@u+ %f(u) =0, (z,y) €Rx[0,00),

with f(u) = ju®. Show that v = u? solves the conservation law

0 I3}
a—yv + ag(v) =0,

with g(v) = Jo%

(ii) Let u:R x [0,00) — R be a weak solution to the conservation law

{ a%u+(%f(u)=0, (z,y) € R x [0,00),

1 forz <0,
“(“’0)_{0 for z > 0,

with f(u) = ju®.
(1) Find an explicit formula for w.

(2) Is it true that v = u? is a weak solution of the conservation law
0 0
o+ = =0,
6yv + P g(v)
with g(v) = Jv??
(iii) Comparing the results obtained in points (i) and (ii) above, what conclusion
can we derive?



Evangle 4

Consider the initial value problem with zero boundary condition

Uy — Uge = 0, (l‘,t) S (0, OO) X (0 OO)7
u(0,t) = 0, t € (0,00),
u(z,0) = x4 z € [0,00),
u(z,0) = sin(z), =z € [0,00).

Evaluate u(2,1) and u(1,2). In which of the two points ((2,1) or (1,2)) is the solution
unaffected by the boundary condition at x = 0?7
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Let lve the d al w equat
— Uy =t forzeR,teR
(z,0) =cosz fi e R,
(,0)=0 for z € R,

(i) Find the explicit formula for u.
(ii) Compute u(0,1), u(0,—1), and »(0,1) — u(0, —1).

(iii) Is there a way to compute u(0, 1) —u(0, —1) without finding the explicit formula
for u?
Hint: look at the equation satisfied by v(z,t) = u(z, —t).
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Solve the following wave equation in the interval z € (0,1) with zero boundary
conditions, for all times ¢ > 0. To do so, find a global problem whose solution @
coincides with u in the interval (0, 1).

U — Upr = 0, (IL‘, t) € (0’ 1) X (0,00),
u(0,8) = 0, t € (0,00),
u(l,t) = 0, t € (0,00),
u(z,0) = sin(2rz), z€(0,1),
u(z,0) = 0, z € (0,1).

Exercore. <. [l >0

{ Ut — Uge = T, (z,t) e R x (0, OO),

u(z,0) = 0, z € R,
w(z,0) = €, zek
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Exercie &6 ( Bram Swnior 9049

Lel u solve the wave equation with Neumann boundary condilicns

Ugy = Upy = COS L in [0, 7] x [0,400],
u,(0,t) =0, uy(m,t) =0 fort> 0,

u(z,0) =1 for0<z<rT,
u(z,0) =1 for0<z <.

Find the explicit formula for u.

Execuxe + [ Can Spany 2042

Let u solve the heat equation with Neumann boundary conditions

U — Ugy = € 2 cOST for (z,t) € [0, 7] x [0, +00),
uz(0,t) = 0, ug(m,t) =0 fort >0,
u(z,0) = (cosz)? for0<z <.

Find the explicit formula for u.

u(0, 1) =0

u(l,t)=0




Exm@h 3.

Consider polar coordinates (r,6) in R?, and define the domain D = {1 <7 < 2,0 <
0 < m}. Let u: D — R be the solution to the Laplace equation

u(1,0) = 3sin(20) for 0 <@ <,

Au=0 in D,
u(2,6) = sin(0) for 0 <0 <,
u(r,0) =u(r,m) =0 forl <r<2.

Find the explicit formula for u.
Hint: use that the functions {r"sin(nf)},~¢ and {r—"sin(nf)},-o are harmonic in
R?\ {0}, and that they vanish for § =0 and 0 = 7.
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Exercdee. B

Consider polar coordinates (r,#) in R?, and define the domain D = {1/2<r < 1,0 <
6 < 7}. Let u: D — R be the solution to the Laplace equation

Au =0 D,
u(1,60) =sin(f) for 0 <6 < 2,
u(1/2,0) =0  for 0 <64 < 2n.

And wUoed.
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Exam,gzh 10.

(a) Let 2 : 12 — IR be the solution to the Laplace equation

Au=0 in D,
u=1—=x—12 ondl,

where D = {z% +y* < 1}.

(i) Compute u(0,0).
(ii) What is the minimum of u?

(b) Let u : D — R be the solution to the Laplace equation

Au=0 in D,
u=1 ondD,

where D = {22 + y% > 1} is the complement of the unit disk.

(i) Find two different solutions.

(ii) Docs the maximum principle (namely, all solutions attain they maximum on
9dD) hold for this problem?

c) Let C e a bounded domain, and let u(z,y) be a solution to the

Let D C R? be a bounded d i d 1 b luti he PDE
Uy + YUy +u, =0 in D,
u(z,y) = f(z,v) on dD.

(i) Prove that u attains its minimum on dD.

Hint: consider v(z,y) = u(z,y) — €(z?® + y*) with € > 0, and prove that v can
attain a minimum only on 9D.

(ii) Prove that the solution is unique.
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E-D(ei\m q . CEX 3.3 lg\rbm QA8 (oore)

(a) Let u: D — R be the solution to the Laplace equation

Au=0 in D,
u=2%>—-2 ondD,

where D = {22 + y? < 4}.

(i) Compute u(0,0).

(if) What is the maximum of u?

(b) Let u : D — R be the solution to the Laplace equation

Au=0 in D,
u=g ondD,

where D = {z? + y? < 1} and g satisfies |g| < 1.

Assume that 4(0,1/2) = 1. What is u(0,0)?

(c) Let D C R? be a bounded domain, 7 > 0, and set Qr = D x [0,7]. Let
u: Qp — R be a classical solution to the PDE

u(z,y,t) = g(z,y,t) on 0D x[0,7]

Uy = Uy + T2y, +u, for (z,y,t) € Qr,
u(z,y,0) = f(z,y)  on D,

namely, u is twice differentiable with respect to (z,y) in Qr, once differentiable with
respect to ¢ in Qp, and continuous in Qr.

(i) Prove that u attains its minimum on the parabolic boundary
9pQr = (D x {0}) U (0D x [0,7]).

Hint: consider v(z,y,t) = u(z,y,t) + et with € > 0, and prove that v can attain
a minimum only on 9pQ7y.

(ii) Prove that there is at most one classical solution.
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Consider the planar domain D, and let 0D denote its boundary.

(a) Let v be a smooth function solving v, + vy, + zv, + yv, > 0 in D. Show that v
has no local maxima in D.

(b) Consider now the Dirichlet problem,

Au+zu, +yu, = 0, inD,
w = f, ondD,

for some given continuous function f. Show that if u is a smooth solution (continuous
in D and twice differentiable in D), then the maximum of u is attained on dD. To
do so, take the auxiliary function v.(z,y) = u(z,y) + ez°.

(c) Prove that the previous problem has a unique solution.
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